SOBOLEV SPACES AND ELLIPTIC THEORY ON UNBOUNDED 

DOMAINS IN R n 
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Abstract. In this article, we develop the theory of weighted L 2 Sobolev spaces on un- 
bounded domains in E™. As an application, we establish the elliptic theory for elliptic 
operators and prove trace and extension results analogous to the bounded, unweighted case. 
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In this article, we develop weighted L 2 -Sobolev spaces and elliptic theory on unbounded 
domains in M. n . For spaces of functions with suitable regularity and domains with regular 
boundaries, we show that traces exist and functions defined on the boundary extend in a 
bounded manner. In the second part of the paper, we show that elliptic equations gain the 
full number of derivatives up to the boundary and satisfying an elliptic equation is sufficient 
for taking traces for functions as rough as L 2 . 

With this article, we are laying the groundwork to develop the L 2 -theory for the 8 and 
Bb equations on unbounded domains and their boundaries in C™. Weighted L 2 spaces are 
instrumental tools in several complex variables, and the analysis cannot proceed without 
them. 

Unlike the bounded case, however, unweighted Sobolev spaces on unbounded domains fail 
to have many critical features, such as the Rellich identity, and so we develop spaces with 
these properties in mind. One method to solve ^-problem involves using extension and trace 
operators, so we need fractional Besov and Sobolev spaces. As a result of our several complex 
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variables considerations (to be developed in later papers), both the types of weighted Sobolev 
spaces we study and the types of results we prove are quite different than what appears in the 
literature. See, for example [Kuf85j. The weights that authors typically study involve powers 
of the distance to the boundary |MT06llUan 03j. Although these weights are quite natural and 
reflect the geometry of the boundary, they are not the only useful weights in several complex 
variables (see, e.g., |Har09l IHor65l ISha85l IKoh86l IHRTTl iHRal IRailOl IStrlOj ). With respect 
to the literature on elliptic theory on unbounded domains, authors seem to be less concerned 
with proving trace results for solutions to elliptic equations and more interested in solvability, 
typically for the Dirichlet problem (e.g., see |BMT 08] and the references contained within). 
Even when the author solves an elliptic equation with a nonzero boundary condition (e.g., 
[Kim08] ). the derivatives are the standard derivatives, and not the weighted derivatives that 
we consider. Consequently, we must build the theory from the most basic buiding blocks. 

Our Sobolev space techniques mainly involve real interpolation, so they define Besov 
spaces. The fractional Sobolev spaces and Besov spaces agree (see, for example, |LM72j or 
[BL76] ). and in the elliptic regularity section of the paper, we use the fractional Sobolev 
and Besov spaces interchangeably. In fact, even at the integer levels, the main results hold 
for the interpolated spaces B k ' 2,2 (fl, ip; X) and Sobolev spaces W k,2 (fl, ip; X) (the former by 
interpolation and the latter by direct proof). 



Let VL C W 1 be an open set and let <p : — > R be C°°. Define the weighted L p -space 



where dV is Lebesgue measure on C n . Let bfi be the boundary of Q. We will always assume 
that bQ is at least Lipschitz, so that integration by parts is always justified. For most results 
we will need additional boundary regularity, as indicated below. 

1.1. Hypotheses on Q, cp, and p. Let A C R n . 

Let 5a be the distance function from A, i.e., 5a(x) = ini y£ A \x — y\. Let Ua = {x E 
W" 1 : there exists a unique point y E A such that 5a(x) = \y — x\}. Define tia '■ U a — > A by 
tta{x) = y. The following concepts were introduced in |Fed59] . 

Definition 1.1. If y E A, then define the reach of A at y by 

Reach(v4, y) = sup{r > : B(y,r) C Ua} 
and the reach of A to be 

Reach(v4) = inf{Reach(A, y) : y e A}. 

The majority of our results use a subset of the following hypotheses. Fix m G N, m > 2. 
HI. The domain Q has a C m boundary with positive reach. Moreover, there exists e > 

and a defining function p so that on Q' e = {y : 5bn(y) < e}, ||p||c* m (no < °o (i-e., ft is 

uniformly C m in the sense of |HRb] ) . 
HII. There exists 9 G (0, 1) so that 

lim {9\V^\ 2 + Ay) = oo 
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where 

dip 2 



HIII. There exists G (0, 1) so that 

lim (6\V<p\ 2 - Aip) = oo 

\x\— >oo ^ ' 

HIV. There exists a constant C m > so that 

|VVl <Cm(l+|Vp|) 

for 1 < k < m and igU. 
HV. Hypotheses (HII)-(HIV) can be extended to R n . 
HVI. If jr; denotes the outward unit normal to bf2, we have 



inf sup |V<£>| 1 

r>0 |a;|>r,xebfi 



dip 



dv 



< 1. 



(HII) and (HIII) have their origin in |Ganl lUH lOj (who in turn adapt the ideas in [KM94] ) . 
The family of examples par excellence of weight functions is 

ip(x) = t\x\ 2 

for any nonzero tel. Such functions always satisfy (HII)-(HV) ((HI) is examined in detail 
in |HRb] ) . It is possible to construct domains for which (HVI) fails for this choice of ip, 
but observe that if Q satisfies (HVI) for ip(x) = t\x\ 2 , then any isometry of W a will map 
Q to another domain which also satisfies (HVI) (because the composition of \x\ 2 with any 
isometry will equal \x\ 2 plus lower order terms). 

1.2. Weighted Sobolev spaces. Set Dj = and define the weighted differential opera- 
tors 

and 

V x = (X 1 ,...,X n ). 

Definition 1.2. Let Yj = Xj or Dj, 1 < j < n. For a nonnegative fceZ, let the weighted 
Sobolev space 

W k ' p {Q, p; Y) = {f G L P {Q, ip) : Y a f G L P (Q, ip) for \a\ < k} 

where a = (ax, • • • , «n) is an n-tuple of nonnegative integers and Y a = Y" 1 ■ ■ ■ Y" n . The 
space W ' P (Q, ip; Y) has norm 

11/11 w k >p(n,<p;Y) = /H-L p (n,^)- 

\a\<k 

Also, let 

W*' p (n, ip; Y) = {g G W k ' p (Q, ip; Y) : 

there exists if)£ G C^°(f2) satisfying \\g — iftt\\w k 'p(n,(p;Y) ~ ► as t — > oo}. 
In other words, Wq' p (Q, ip; Y) is the closure of C™(Q) in the W k ' p (fl, ip; V)-norm. 
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Remark 1.3. Our analysis focuses on the weighted spaces W h,p (fl, <p; X) and we prove results 
on the spaces W h,p (Q, tp; D) only where necessary. The choice of which space to focus on is 
not central to the theory. We could have written the arguments with the roles of the two 
spaces reversed. 

1.3. Weighted Sobolev spaces on bfi. Let e > and set M = bf2. Recall that 

Q' e = {x G R n : dist(x,M) < e} 

For discussions involving M, we always assume (HI) and m > 2. Therefore, by |HRbj . there 
exists e > and a defining function p so that ||p||c m (c E ) < 00 an d \dp\ = 1 on bO. Let 
Zi,..., Z n _i G TM be an orthonormal basis near a point x G M and let Z n = be the unit 
outward normal to Q. Moreover, Z n is also the unit normal to the level curves of p (pointing 
in the direction in which p increases). For 1 < j < n, set 

We call a first order differential operator T tangential if the first order component of T is 
tangential. For 1 < j < n — 1, Zj is defined locally, and if U is a neighborhood on which 
Zi, . . . , Z n _i form a basis of T(M PI U), we denote Zj by Zj 7 to emphasize the dependence 
on U. In analogy to Vx, we define Vt = . . . , T n ), 

V^ n = (r 1 ,...,T fl _ 1 ) and VT = (Z u ...,Z n ^) 

By (HI), we can construct an open cover {Uj} of Q' e where Uj are of comparable surface 
area and admit local coordinates Z\, . . . , Z n _\ with coefficients bounded uniformly in C m ~ x . 
Let Xj be a C m partition of unity subordinate to {Uj} where Xj are uniformly bounded in 
the C m norm. With Xj m hand, we set Vj = vxj, so v = YlJLi v j- Observe that we have the 
following equivalent norms on W k ' 2 (Q' e , p; X) and W k ' 2 (Q' t , p>\ D), respectively: 
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\\ v \\w k >2(n' c ,<p;X) ~ ^2 H^- u ilU 2 (n'e^) and \\ v \\w^(w^d) ~ ^ W Z Uj V j\ 

j=l \a\<k i=l |a|<fc 

where Tf = Z^ — Zf{<p) and Tg = • • (and similarly for Zy). 

For the boundary Sobolev space, set 

W k ' p (M } <p; T) = 

{/ G L P (M, p) : T°/ G L P (M, p), \a\ < k and T aj is tangential for \ <j< k}. 

1.4. Notation for differential operators. In the second part of the paper, we establish the 
elliptic theory for strongly elliptic operators fl C M n that satisfy (HI)-(HV) (and sometimes 
(HVI) as well). Much of our development follows the outline in [Fo l95| . Let L be a second 
order operator of the form 

n n 

(i) l=£ + £ (6^ + + b 

j,k=l j=l 

where aj}~ and b'j are functions on a neighborhood of £7 that are bounded in the C 1 norm, 
and bj and b are bounded functions on a neighborhood of Cl. 
Note that the formal adjoint (X a )* = (-l^D 01 . 

4 



The formal adjoint of L is the operator given by the formula 

(L*v,u) v = (v,Lu) v 

so integration by parts yields that 

n n 
j,k=l j=l 

We say that the operator L is strongly elliptic on if there exists a constant 9 > so 
that 

n 

(2) Re ( ]T aji&h} > 6\£\ 2 . 

j,k=i 

Associated to L is a (nonunique) sesquilinear form 2) called a Dirichlet form given by 

n n n 

(3) 2)(v, u) = E a jkX k u) v + E( w ' bjXju)^ + y](XjV, b' j u) <p + (u, fru)^ 

25 is called a Dirichlet form for the operator L if 

D(v, u) = (v, Lu) v for all u, v G C™(Q,). 
The Dirichlet form 2) given by (J3J) is called strongly elliptic on H if fl2]) holds. 

Definition 1.4. The Dirichlet form 2) on fi is called coercive over X if Wo'\Q,(p;X) C 
<Y C W /1,2 (fi, ip;X), X is closed in W 1 ' 2 {Vt, (p\ X), and there exist C > and A > such that 

(4) tte£)(u,u) > C\\uf w x fi{slmX) - A||u||ia ( n iV ,) for all w6<Y. 
2) is called strictly coercive if we can take A = 0. 

If 2) is coercive, then J)'(v,u) = 2)(f,w) + \{v,u) v is strictly coercive. 
We can also consider the adjoint Dirichlet form 

D*(v,u) = ®(u,v) for all u,v G W 1>2 (n,(p;X). 
The form 2) is called self-adjoint if 2) = 2)*. 

2. Main Results 

2.1. Sobolev space and trace theorems. Let e > and set M = bf2 and 

Q' £ = {x G R™ : dist(x,M) < e}. 

In Section 15.11 we will use interpolation to define the Besov space B s ' ,p,q . The following 
theorem is the analog of the Trace Theorem [AF03[ Theorem 7.39] 

Theorem 2.1. Let m > 2 and assume that Q C R™ satisfies (HI)-(HVI). Ifl<k<m—1, 
then the following two conditions on a measurable function u on M are equivalent: 

(a) There exists U G W k ' 2 (Q' e , tp\ X) supported in Q' e so that u = TrU; 

(b) u G B k -h 2 > 2 (M,ip;T). 

The proof of Theorem 12.11 is divided into two results, each of which is more general than 
one direction of Theorem 12.11 In Section 15.21 we will show 
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Lemma 2.2. Given the hypotheses of Theorem\2J\ ifUe W k,2 {Q! e D Vt, ip; X), then TrU e 
B k ~2> 2 > 2 (M,(p;T) and there exists a constant K independent of U so that 



II TlU W B *-b^ iM , V ;T) - K \\ U \\w^(n' e!ip ;xy 

Remark 2.3. The result also holds (by the same proof) if we replace Q' € PI f2 with Q' e n fi c . 

The second half of the proof of Theorem 12. II is proven in Section [573| as part of the general 
result: 

Theorem 2.4. Let 1,1' be integers so thatO < £ + £' < m-2. If u G B e+ h 2 > 2 (M,ip;T), then 

for some U G W e+e ' +1 ' 2 (£l' e , ip; X) supported in £l' e satisfying 

Tr U = ■ ■ ■ = Tr = 

and 

WWwt+i'+i^^.x) < C\\u\\b 
for some C independent of U and u. 

The trace and extension theorems above allow us to prove the following result concerning 
the equality of the spaces with weighted and unweighted derivatives. We also prove the 
following Rellich identity in Section 15.51 

Proposition 2.5. Let Q satisfy (HI)-(HVI). Then for < k < m, W k > 2 {VL,ip;X) = 
W h ' 2 (Q, (p; D). Furthermore, if m > 2 and 1 < k < m — 1, then W k ' 2 (Q, (p; X) embeds 
compactly in W k ~ 1,2 (Q, ip; X). 

The analog of Proposition 12.51 for M is contained in Corollary 14.61 It is easier in this case 
since C£°(M) is dense in W e ' 2 (M, ip; •) where • is either Z or T. Likewise, for jy o 1,2 (f], ip; X), 
the result is easier (though not easy) and is contained Proposition 13.31 and its corollaries. 

A useful application of the trace and extension theorems is the construction of a simple 
(k, 2)-extension operator for each k, 1 < k < m — 1. Recall that a simple (k, 2)-extension 
operator E : W k,2 (Q,ip; X) — > W k ' 2 (R n , ip; X) is one that satisfies Eu{x) = u{x) for a.e. 
x G VL and there exists a constant C = C{k) so that ||Sw||wfc.2(R« )V ;x) — C|l M llw fe . 2 (c,^;X)- I n 
Section 15.31 we will show: 

Theorem 2.6. Let Q satisfy (HI)-(HVI). Then for 1 < k < m — 1, there exists a simple 
(k, 2) -extension operator. 

Our final embedding result is proven in Section 15.51 

Theorem 2.7. Let M,Q, and ip satisfy the hypotheses of Theorem \2.J\ If s > 1/2 and 
1 < q < oo, then 

B s ' 2 ' q {Q, ip; X) ^ B s - 1/2 ' 2 ' g {M, ip; T). 
6 



2.2. Elliptic regularity — solvability. The Sobolev space theory that we develop is pow- 
erful enough that it allows us to adapt the proofs in the bounded, unweighted setting in a 
straight forward manner and establish the following theorems, see |Fol95t Chapter 7]. In 
particular, we can establish that strong ellipticity is equivalent to Garding's inequality and 
solve the (X, D) Boundary Value Problem (BVP): namely, for a closed subspace X satisfying 
W 1,2 (O, <p; X) C X C W^ 2 (Q, <p; X) and / G L 2 (fi), find u G X so that D(v, u) = (v, f) v for 
all v G X. The case X = Wq' 2 (Q, (p; X) is the classical Dirichlet problem, but we also want 
to include the case X = W 1,2 (Q, (p; X). 

Note that C c °°(fi) C X, so a solution of the (X, D) BVP will satisfy {L*v,u) v = (v,f) v 
for all v G C£°(f2) and hence will be a distributional solution to Lu = f. Furthermore, the 
requirement that D(v,u) = (v,f) v for all v G X leads to a free boundary condition, i.e., 
integration by parts imposes a boundary condition on u. 

Theorem 2.8 (Garding's inequality). Let 

n n n 

D(v, u) = {XjV, ajkX k u) v + y^X v ? bjXju)^ + y^^XjV, b'jU)^ + (v, bu) v 

j,k=l j=l j=l 

be a strongly elliptic Dirichlet form on Q and suppose that ajj,,bj,b'j,b are bounded on Q. 
Then D is coercive over W l,2 (Q, (p; X) (and hence over any X C W l,2 (Q, (p; X) that contains 
W^ 2 (n^;X)). 

The converse to Garding's inequality holds as well. 

Theorem 2.9. If the Dirichlet form D is coercive over Wq ,2 (Q, (p; X) and aju G C(Cl), then 
D is strongly elliptic. 

We can prove existence and uniqueness of weak solutions for operators giving rise to strictly 
coercive Dirichlet forms. 

Theorem 2.10. Let X be a closed subspace of W 1,2 (^l,(p; X) that contains Wq' 2 (^1, <p; X) 
and let D be a Dirichlet form that is strictly coercive over X. There is a bounded, injective 
operator A : L 2 (Q,ip) -)■ X that solves the (X,D) BVP, that is, D(v,Af) = {v,f) v for all 
v G X and f G L 2 (f2, <p). 

Even in the case D is not strictly coercive, we can still gain information regarding weak 
solutions. 

Theorem 2.11. Let X be a closed subspace of W 1,2 (Q,ip; X) that contains Wq ,2 (Q,ip;X). 
Let Q be a Dirichlet form that is coercive over X . Define 

V = {u G X :D(v,u) = for all v G X} 

and 

W = {ueX : £)(u,v) = for alive X}. 

Then dim\^ = dimly < oo. Moreover, if f G L 2 (Q, cp), there exists u G X so that D{v , u) = 
(v,f) v for all v G X if and only if f is orthogonal to W in L 2 (Q,(p) in which case the 
solution is unique modulo V. In particular, ifV = W = {0}, the solution always exists and 
is unique. 

In the case that D is self-adjoint, we can prove that L 2 (Q, (p) has a basis of eigenvectors. 
We will see in Proposition 12.51 that W 1,2 (Q, ip; X) embeds compactly in L 2 (Q,ip). Thus, 
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Theorem 2.12. Let X be a closed subspace of W 1,2 ({1, p>\ X) that contains Wq ,2 (VL, (p; X). 
Suppose that D is a Dirichlet form that is coercive over X and satisfies D = D*. There exists 
an orthonormal basis {uj} of L 2 (Q,(p) consisting of eigenf unctions for the (X,D) BVP; that 
is, for each j, there exists Uj G X and a constant fij e K so that D(v,Uj) = fij(v,Uj)tp for 
all v G X . Moreover, fij > —A for all j where A is the constant in the coercive estimate 0), 
linx^oo fij = oo, and Uj G C°°(Q) for all j . 

2.3. Elliptic regularity — estimates. We can prove elliptic regularity in the interior of Q 
in Section O 

Theorem 2.13. Let ftcl" satisfy (HI)-(HV) for some m > 2. Let L be defined by (TJP and 
a jk ,b'j G C e+1 (Q) n W e+1 '°°(n) and bj,b G C\Q) n W e >°°(n) for some < t < m. Assume 
that f G W e ' 2 (Q, <f; X) and L is strongly elliptic. Suppose that u G W 1,2 (Q, <p; X) is a weak 
solution (i.e., D(v,u) = (v, f) 9 for all v G W^ 2 (Q, (p; X) ) of the elliptic PDE 

Lu = f in Q. 

Then u G W^ 2 ' 2 (ft, <p; X) and if V C Vt is open and satisfies dist(V, bVt) > 0, 

(5) IMIvi^+ 2 . 2 (V^;X) < C(||/||^(n,^ ; x) + H m ||l 2 (Q^)) 

where C = C(dist(V, bQ),C\ a] , \\a jk \\ c w(n), \\bj\\ct(a), \\ b j\\cW(n), \M\c e (n), n,6,£). 

Note that the inequality in Theorem 12.131 is not an a priori inequality. The meaning of 
(JS]) is that if the right-hand side is finite, then u G W e+2 ' 2 (V, cp; X). 

The case that Q is bounded is not the only case for which we know the hypothesis that 
u G W 1,2 (Q, ip; X) is satisfied. Indeed, we if combine Theorem 12.101 and Theorem 12.111 with 
Theorem 12. 131 for I = 0, we have the following corollary. 

Corollary 2.14. Let L, V, and Q be as in Theorem \2.13[ Let X be a closed subspace of 
W l,2 {VL, <p\ X) that contains Wq' 2 (Q, (p; X). Let D be the Dirichlet form corresponding to L 
in X . If any of the following conditions hold: 

(i) 2) is strictly coercive, 

(ii) / _L W = {w G X : D(w,v) = for all v G X} and u is the weak solution that is 
orthogonal to V , 

then u G X and hence in W 2,2 (V, ip; X). 

We can also prove that elliptic regularity holds near the boundary for weak solutions of 
the partial differential equation Lu = f, in Sections 17.21 and 17731 

Theorem 2.15. Let Oct™ satisfy (HI)-(HVI) with m > 3. Let < £ < m - 3 and 

the operator L be defined by (T7J] where a^ty G C l+1 {tt) n W £+1 '°°(Q) and bj,b G W £ '°°(Q). 
Assume that f G W £ ' 2 (Q, <p; X) and L is strongly elliptic. Let X be a closed subspace of 
W 1,2 {Vl, ip; X) that contains W ' 2 (Q, ip; X). Suppose that u G X is a weak solution (i.e., 
D{v , u) = (v, f) 9 for all v G X ) of the elliptic PDE 

Lu = f in Q. 

Then u G W e+2 > 2 (n, <p; X) and 

(6) IM|w^+2,2(q i(/P; x) < C(\\f\\ w e^ n ^. X ) + IHIx^q^)) 

where C = C(M e , \\a jk \\ c e+i {n) , ||&j||c*+i(n), ||&J-||c«+i(n), \\b\\c^(n),n,9, ||/£>||o«+3(n))- 
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2.4. Boundary values of L-harmonic functions. We conclude the paper with a study of 
the boundary values of L-harmonic functions. The goal is to show that L-harmonic functions 
(i.e., functions u satisfying Lu = 0) have unique boundary values in VF s_1 / 2 ' 2 (bfi, (p; T) when 
u G W S ' 2 (Q, ip; X) and s > 0. 

We first establish a simple but easily applicable uniqueness condition. Let L be a strongly 
elliptic second order operator. We would like to understand conditions on L so that if Lu = 
and u\m — 0, then u = 0. Theorem l2. lOl present one condition, and we will show the following 
in Section [HI 

Lemma 2.16. Let Q C R n be a domain that satisfies (HII). Let L be a strongly elliptic 
operator that has a Dirichlet form D so that for all u G ' 2 (fi, <*p\ X) there exists a constant 
c satisfying 

(7) ReD(u,u) > c\\V x u\\ L 2 (n ^. 
If Lu = and u G W ' 2 (Q, (p; X), then u = 0. 

Remark 2.17. If the operator L is of the form L = YTjk=i ^j a jkXk + b where b > 0, then L 
satisfies (j7j). 

With this restriction on D, we can prove in Sections 18.11 and 18.21 

Theorem 2.18. Let Q C R" be a domain that satisfies (HI)-(HVI) for m = 2. Let L be a 

strongly elliptic operator that has a Dirichlet form D which satisfies (0). The map sending 

u h-> (Lu, Tru) 

is an isomorphism from 

W s > 2 (n,p;X) -> W s - 2 > 2 ({l,cp;X) x W s - 1/2 > 2 (bn,cp;T) 

for 1 < s < m — 1 . 

With an additional restriction on L, we can prove that L-harmonic functions in L 2 (Q) 
have boundary values if s > in Section 18. 31 

Theorem 2.19. Let C W 1 be a domain that satisfies (HI)-(HVI) for m > 3. Let L be of 

the form 

n 

(8) L = J2 (x*X d + bjXi + X*b'^ + b, 

3=1 

If f G W S ' 2 (Q, ip; X) for s > and Lf = 0, then Tr/ is well-defined and an element of 
W'- 1 / 2 ' 2 (6fi,¥>;T). 



3. Facts for W^iVL, <p;X), 1 < p < oo 

3.1. The spaces W~ k ' q (fl,(p;X) and W k > p (Q, <p; X)*. Let 1 < p < oo and ± + J = 1. Fix 
/c G N and let A^(/c) be the number of multiindices a where \a\ < k. As k is fixed, we suppress 
the argument of N . Let a 1 , . . . , a N be an enumeration of such multiindices. For a vector g, 
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we write g = (gi, . . . , g^) = (g a ) interchangeably. For functions g±, . . . , g^ G L q (Q, ip), there 
exists a bounded linear functional T gu ___ >gn on W k,p {VL, ip; X) defined by 



r N 

T gi ,.., 9N f = j Q {J2 Xa3 fW))e-*dV. 



We can show that every functional on W k ' p (Q, <p; X) arises in this way. 
Proposition 3.1. For f2 C R n , let 1 < p < oo and - + - — 1. 

(i) The dual space W^iVt^ip; X) := W^itt^; X)* is the set 

W- k > q {tt, V ;X) = {ueV'{Q):u= {-l) H D a g a , 9a G L q {Q, V ) for all a}. 

|a|<fc 

Moreover, the norm on W~ k ' q (Q, ip; X) is given by 

\\u\\ w -^(n, V ;X) ■= sup{|u(/)| : / G w5*(£l,(p',X), \\f\\w^(n,^x) = 1} 
= inf{ hJ% M } 

\a\<k 

where T is the set of N -tuples (gi, . . . ,g^) G L q (Q,tp) N representing the functional 
u. 

(ii) The dual space W k ' p (Q, ip; X)* consists of u G T>'{VL) for which there exists a vector 
g = (g a ) g (L g (tl, p)) N so that for all f G W k ' p (Q, ip; X), 

«(/)=£ (x a f,g a ) v . 

\a\<k 

Moreover, the norm on W k ' p (fl, ip; X)* 

\\u\\w*(n, ipi x)> ■= sup{|u(/)| : / G W k ' p (Q, ip; X), \\f\\ W k, P(n;tp . x) = 1}. 
Proof. The proof is standard. See, for example, |AF03[ Sections 3.9, 3.12, 3.13] □ 
3.2. Approximation by W k ' p (Q, ip; X). 

Proposition 3.2. Let 1 < p < oo and assume that bQ satisfies (HI) for some m > 1. Let 
1 < I < m be an integer. Then C£°(M n ) is dense in both W e ' p (Q, ip; X) and W e ' p (Q, ip; D) in 
the sense that if e > and f G W £ ' p (Q,ip;X), then there exists £ G C£°(R n ) so that 

U - f\\w*'P(n,<p;X) < e 

where C is independent of f, ip, and e. Similarly, if e > and f G W ,P (Q, ip; D), then there 
exists i[) G C~(R n ) so that 

\\tp ~ f\\wt,p(a,wD) < e 
where C is independent of f , ip, and e. 

Proof. Let e > and \R De a smooth, nonnegative cut-off function so that \R = 1 on 
B(0,R), xr = off B(0,2R), and \D a XR \ < C\ a \/R} a \ for |a| > 0. For R sufficiently large, 
it follows that 

\\0--XR)f\\w^p{n m x) < e- 
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Let g = XrI i an d extend g to be zero outside of Q. It is enough to prove the result for g. 
Let Q' be a C m domain satisfying 

B(o, 2R) n a c a' c 5(0, 3i?) n a 

Since suppx« C -8(0, 2R), g = gin'. Since Q' is bounded, there exists Ca> > so that 

for any h G W ' P (Q!). The function £ is constructed in the following manner. Extend g to 
g G W ,p (M. n ) following the technique of [AF031 Theorem 5.22]. Since g is identically zero in 
a neighborhood of dQ' D O, this construction can be used to guarantee that g is identically 
zero on fi\fi'. Form £ by mollifying g in such a way that £ is also identically zero on fi\fi'. 
Since £ is constructed so that \\g — CWw^pfQ') < e /Cn>, we have 

\\9 ~ i\\w l 'P(n,^x) — \\g — £\\w e 'P(n', V ;X) < e - 

□ 



3.3. Embeddings and compactness for p = 2. 



Proposition 3.3. Let Q C lR n safe/y (Ell). Then the embedding of w£' 2 (£l, (p; X) m> 
L 2 (Q,{p) is compact. 

Proof. We start by making a number of preliminary calculations. Note that the formal 
adjoint X* = — tJ-. This means 

0) {Xj + x;)f = -^-f 

and 



' ' dx 



Note that for / G C™{tt), 

(11) ([*,-, = {XjXjfj)^ - {X*X 3 fj) v = - ||x,/Hi w 

Next, we see that for e > 0, a small constant/large constant argument yields 

ll(*i + Xj)f\\h(M + Kf\\h(M + a + oiw/iiiw 

Now set 

= |V^(x)| 2 + (l + e)A<^(:r). 

Consequently, 



3=1 



+ X*)f\\ 2 L2(n>(p) - (1 + e)([Xj, X*)f, f\ 



1 n 

(12) < (2 + e + ^)Ell X ^H 



2 

L 2 (n l¥ >)- 



Since C^°(n) is dense in W ' 2 (Q, (p; X), this inequality holds for all / G Wq' 2 (Q, (p; X). 
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Let {fk} C W Q ,2 (n,(p;X) be a bounded sequence and set M = max fc H/jfell^i.a^^v Set 
I(R) = in£xen\B(o,R) \^i x )\- Since I(R) > for R sufficiently large, 

\\h-fj\\h { n,v)< [ \f k -fj(x)\ 2 e-*dV+ [ ^\h-f^)\ 2 e^dV 

C||A-/ill 



— C^^Wfk — fj\\L 2 (B{0,R)) + 



I(R) 



M 



( 13 ) - C VjR \\f k - /j||i2( S ( ,fl)) + C . 

Fix an increasing sequence Rj — >■ oo, so that Rj satisfies M/I(Rj) < We may inductively 
construct a sequence of subsequences fk m so that 

(i) f k m+i is a subsequence of fk™ , 

(ii) lim^oo/fcm = f km in L 2 (B(0,R m ) nQ,<p), and 

(iii) /fc»|s(o,ii fc ) = if £ < m. 

It is now easy to see from ffT3]) that /,j is a Cauchy sequence in L 2 (fl, <p) and hence converges 

in L 2 (Q,if). Thus, W ' (Q,ip;X) embeds compactly in L 2 (Q,ip). □ 
Corollary 3.4. The embedding L 2 (Q,Lp) ^ W~ 1,2 (VL, cp; X) is compact. 
Corollary 3.5. Let Q C M n satisfy (HII). There exists a constant C > so that 

l|V/|& (OfV0 < C7||Vx/||i a(n , v) 

Proo/. By (fni) and (TTJ), 



n 1 

IIWIIl 2 ^) = II 11^2^^) - 

< tfiivx/ir LW 



□ 

Proposition 3.6. Le£ fi C M n satisfy (HIII). Then the embedding of W Q ' 2 (Q,(p; D) <^-> 
L 2 (fi,y?) zs compact. 

Proof. The proof follows the lines of the proof of Proposition 13.31 with 

0(x) = |V(^(x)| 2 - (1 + e)A(p(x). 
replacing □ 

Corollary 3.7. Lei fid" safe/j/ ftflllj. Then the embedding L 2 {Q, <p) <-» W' 1 ' 2 ^, (p; D) 
is compact. 

Corollary 3.8. Let Q C M" satisfy (HIII). Then there exists a constant C > so that 
for allfe Wo' 2 (Q,(p;D). 
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Remark 3.9. Proposition 13.21 and Corollaries 13.51 and 13.81 allow us to define a number of 
equivalent ways to measure the W^{n,ip;X) norm (which we will use later on Q' t ) Let 
ij eW*(n,v;X) and 

Y > = 5<*< -^-wrm-r^m; and Vr * = •••• 



Note that 



l^lll^) 



dip 1 dip ^ dip I dip 
dxj 2 dxj ' ctej 2 9xj 
dtp 2 



+ t 



dxj 



L 2 (n,ip) \oxj oxj J ip 



and 



2 dxj 
\ X M\l 2 (n^ + 4 



dip 2 



dx 



L 2 {n, v ) \dxj dxj 



J) . 

/ to 



Thus, 



so 



1 



j^Wi 2 ^^) — 2 
II V 



L 2 (fl,tp) 
1 



2 

L 2 (n,tp) 



+ 



dx 



L 2 {Q,tp) 



Y-v\\i?(n,<p) > IWII 



l 2 (n,tp) + \WxiP\\l2(ci,<p) )■ 



It then follows that 



IVWII!^) 



and consequently (HIV) shows that for any £ so that 1 < £ < m 



(14) 



W e ' 2 (Q,tp;D) 



|a|<« 



where the constants in ~ depend on n, and The reason that we introduced Yj is that 

Yj = e * v £:e-fr, so 



e 2 ■ 



_d_ 

dx, 



(e~^ip) 



e ^ dx 



d 



dx. 



(e'&ip) 



L 2 (Q) 



4. SOBOLEV SPACES ON M 



As above with Proposition 13.11 standard arguments yield 

Proposition 4.1. Lei 1 < p < oo and - + - — 1. Fzx a nonnegative integer k <m and let 

N = N(k) be as in Proposition ^ . 1\ The dual space to W ,P (M, ip; T) consists of u G T>'(M) 
for which there exists a vector g = (g a ) G (L q (M, ip)) N so that for all f G W k,p (M, ip; T), 



u 



(/)= E (r°/.^L=E(- 1 ) H (/'( Ttt )^ 



|a|<fc 



|a|<fe 
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where T a is a tangential operator of order \a\. Moreover, the norm on W k ' q (M,<p;T) : = 
W k ' p (M,p;T)* 

\\u\\w-^(M, v -T) :=sup{|u(/)| : / G W k,p (M, ip; T), \\f\\ W k, P(MmT) = 1} 
= inf { IML(M,vo} 

\a\<k 

where J 7 is the set of N -tuples (gi, . . . , g^) G L q (M, <p) N representing the functional u. 

4.1. Approximations and embeddings for W k,p (M, </?; T). When considering results on 
the boundary, we will generally need both (HII) and (HIII). Adding these, it is helpful to 
observe that we have 

(15) lim \V<p\ = oo. 

\x I — y oo 

Conversely, (HIV) and ( 115]) imply both (HII) and (HIII), since (HIV) with k = 2 implies 

(16) \A(p\ <n|VVl <nC 2 (l + \V<p\). 



By classical results, we know that C™(M) is dense in W k,2 (M, ip; T). 



Let B = (rif) be the matrix with bounded C m 1 coefficients so that 



n d 



dxf 
i=i * 



Since Tj = Zj — Zj<p, Tj = (BVx)j- Then Tg = Y^t'=i T U'Xti impli 



ICS 



i'=l 1 
Using the formula for T/ and (Q, we observe that 



1=1 (. I e=1 I 

If Hip is the Hessian of ip, then from (|T0|) it follows that 



n , 

/ <9 2 <£> _ drjpi dip _ 9 2 Tj^ \ 

V T3eTji ' dx £ dx e , Tli dx e dx e ^dxidxp) 

The key to the proof of Proposition 13.31 was the construction of an unbounded function 
so that ('$f,f) ip could be written in terms of inner products involving || Vx/IU^n,^) and 
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([Xj,Xj]f, f)tp. Adapting the heuristic of Proposition 13. 3[ we compute 



n-l 



E IIW+^/ll 

n-l 

= E 



0- + e)([T S ,Tflfj) 



M,ip 



3=1 



d 2 r je , 
dxedxe 



Therefore, the analog of \I/ in Proposition 13.31 is 



(17) *^(x) = 5] 



(BVy>) . + £ 



<9t,-. 



+ (1 + 6) ( [Tr (5(^)5 T ) + E h 
The matrix B plays a critical role here. We observe that 

5V 



dTji' dip 
dxe dxpi 



dxedxe' - 



Vtan 
Z 



.d/dv 

where 4- = Z n is the unit outward pointing normal. Now, (HVI) and (|T5l) tell us 



lim IV^VI = oo, 

| x I — >oo 



as well. Using (HIV) and (HVI) to bound Hip, we have 

*m{x) > IV^VI 2 - OflVfVl + 1) 
Hence, we have the following analogue of (HII): 

BI. There exists e > so that defined by ( TT7T) satisfies 



lim ^m{x) = oo. 

\x I — >oo 



Proposition 4.2. Lei SJcl™ satisfy (HI)-(HV) and bVt satisfy (BI). JTien the embedding 
W 1 ' 2 {M,ip;T) L 2 (M,<p>) is compact. 



Proof. The proof follows the argument of Proposition 13.31 

As earlier, we have the following corollary. 
Corollary 4.3. Under the assumptions and notation of Proposition 

\WT*f\\ 2 LZ{M,<p) — C|I^T n /lli 2 (M, v ) 



□ 



for some constant C independent of f . 
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A similar argument shows the following Rellich identity. Set 
n-l f 



;is) e M = J2 

3=1 



dr je 2 



dxp 
=1 1 



As before, (HII)-(HIV) and (HVI) can be used to prove an analogue to (HIII): 
BII. There exists e > so that 9m satisfies 

lim 9m(x) = oo. 



EC | — t OO 



Proposition 4.4. Let f2 C lR n satisfy (HI)-(HV) and bVL satisfy (BII). Then the embedding 
W lt2 (M,(p;L) ■->■ L 2 (M,yj) compact. 

Corollary 4.5. Under the assumptions and notation of Proposition \3l^ 

\\^T n f\\h{M,<fi) — C|I/II^ 1 >2(M,^;L) 

for some constant C independent of f . 

Our final comment on the consequences of (HIV) and (HVI) is the following: 
Bill. There exist constants Ck so that 

i(vr)Vi<c< fc (i+ivfvi) 

for all x G M and 1 < k < m. 

Since we have shown that (BI)-(BIII) follow from (HI)- (HVI), we will suppress the indi- 
vidual boundary hypotheses and assume only (HVI) in the following. 

Corollary 4.6. Suppose that flcl" satisfies (HI) -(HVI). Then ifO<k<m, 



\W k (M,<p;T) ~ || J\\W k (M,ip;Z)- 

Proof. The proof goes by induction. The k — 1 case is the content of Corollary 14.31 and 
Corollary 14.51 The higher k follow from the k — 1 case, the inductive hypothesis and the 
fact that [Tj,T*] is a function bounded by a multiple of (1 + |Vtan<£>|)- ^ 

Proposition 4.7. Let Q C W 1 satisfy (HI)-(HVI). Then there exists K, K' > depending 
on n, m so that for any 5 > 0, u G W m ' 2 (M, (p; T), and < j < m, 

(19) £ \\T a u\\l 2[MtV) <K[5J2 \\TV l2(m ^ + 6-^ m -»\\u\\ L * {Mi(p) 

\a\=j \P\=m 

(20) \\u\\wi< 2 (M,<p;T) < K' (5\\u\\ W <»,Z(M,wT) + /{m ~ j) \\u\\ L 2 {M ^. T) ) 

lUill 0K'\\nA\il m \U,\\( m -5)l m 

V Z1 ) \\U\\Wl- 2 (M,tp;T) ^ ^ ll M llw™>2( M ^ ;T )||W|| L 2 (M ^. T ) 



Proof. Note that ( 1201) follows from repeated applications of (1191) . Equation (1211) follows from 
(l20p by choosing e so that the two terms on the right-hand side are equal. 
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We first prove the result for m = 2, j = 1. In this case, 
\\ T M\h{M^) = ( T jU,Tju)^ = (T*T jU ,u)^ 

< \\TjTju\\ L ^ MiV )\\u\\^ M}lp ) < e\\TfTju\\ 2 L 2( M)l rf + ^IMI^^). 
However, since lim^i-^ (6*|Vy2| 2 + A(p) = oo, it follows by Corollary 14.31 that 

This proves the result for the case m = 2, j — 1. We can follow the argument of |AF03[ 
Theorem 5.2] to finish proof. □ 

4.2. Approximation. We can also prove a boundary version of the L 2 analog to [SF03, 
Theorem 5.33], the Approximation Theorem for IR n . 

Proposition 4.8. Let Q C M™ satisfy (HI)-(HVI). There exists a constant C = C(m,n) so 
that forO<k<m,v<E W k ' 2 (M, <p; T), and < 8 < I, there exists v 5 G C m (M) so that: 

\\v - v s \\ L 2 {Mtip) < C5 k ^2 II TQm IIl 2 (m^) 

\a\=k 

and 

|| || ^ n J \M\w^(M, V ;T) tfj<k-l 

\\V5\\W^{M, V ;T) < C < fc . 

[ d F||vK fc ' 2 (M >¥ >;T) if K < ] < m. 

Proposition 14.81 means that M has the approximation property. 

Proof. In this proof, we work locally and use the boundary operators = Zj — ^Zj((p). It 
follows from Corollary 14.61 that 



\ r< -n|wM(M) = ||(y 6 ) £ *v||i2(jvf jV ,) ~ ||v||wM(M )¥ >;T)- 



|a|<fc 

for < k < m. Then 

CO 

3=1 

where Vj = XUjV and {xuj} is a partition of unity subordinate to {Uj}. By the classical 
theory, there exists ip s>j 6 C™ +1 (M n [/,■) so that 

[a|=fc 

and 



w k ^{MnUj, v -,x) H k < £ < m. 



Since the M R C/j are of comparable surface area, the constant C arising from the classical 
Approximation Theorem can be taken independent of j. Thus, the result follows by summing 
in j and observing that the decomposition v = YlJLi v j is locally finite. □ 
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5. Weighted Besov spaces on Q and M 

We start with the following proposition. We initially prove a boundary version because 
we need to strengthen Proposition 13.21 before we can prove an analog for Q. This is an L 2 
adaptation of the Approximation Theorem, [AF03| Theorem 7.31]. 

Proposition 5.1. Let fid" satisfy (HI)-(HVI). IfO<k<m, then 

W k ' 2 (M, ip;T)e$j (jfe/m; L 2 (M, ip), W m > 2 (M, ip; T)) 

Proof. The argument is the same as |AF03t Theorem 7.31] with Proposition 14.71 filling in for 
|AF03t Theorem 5.2] and Proposition 14.81 with W m ' 2 (M,(p;T) replacing the Approximation 
Theorem in [AF03] . □ 

The importance of Proposition 14.81 is that the Reiteration Theorem (see Theorem lA.lOj) 
holds for interpolation spaces generated from the weighted L 2 -Sobolev spaces. 

5.1. Real interpolation of boundary Sobolev spaces. We are now ready to define our 
weighted Besov spaces. 

Definition 5.2. Let 0<s<oo,l<p<oo,l<g<oo and m be the smallest integer larger 
than s. We define the Besov space B s ' p > q (M, ip; T) to be the intermediate spaces between 
L p (M,(p) and W m,p (M, ip; T) corresponding to 6 = s/m, i.e., 



B s ^ q (M,p;T) = (L p (M),W m > p (M,p;T)) 



s/m,q\J' 



We define the Besov space B s ' ,p,q (M,ip; Z) to be the intermediate spaces between L p (M,p) 
and W m,p (M, tp; Z) corresponding to 9 = s/m, i.e., 



B s > p > q (M, cp; Z) = (L p (M, ip), W m ' p (M, ip; Z)) 



s/m,q;J' 



We will focus on the case p = 2 since we only proved an L 2 Approximation Theorem. By 
Theorem \AA\ B s ' ,2 ' q (M,ip;T) is a Banach space with interpolation norm 



\u\\b^ { m^t) = \\u; (L 2 (M,ip),W m ' 2 (M,ip;T)) : 



/m,q;J I 



Also, B s ' 2,q (M, ip; T) inherits density and approximation properties from W m,2 (M, ip; T). For 
example, {V> G C°°(M) : \\ip\\w™.*(M )V >;T) < oo} is dense in B s > 2 < q (M,<p;T). 

Let Q satisfy (HI)-(HVI). Proposition I5.ll and the Reiteration Theorem imply that if 
< k < s < m and s — (1 — 6)k + dm, then 

B s ^ q (M,ip;T) = {W k ' 2 {M^;T),W m > 2 {M^;T)) eq . r 

More generally, ifO<A;<s<m and s = (1 — 6)s\ + 6s2 and 1 < qi, q% < oo, then 
(22) B s *> q (M, ip; T) = (B S ^(M, ip; T), B S ^(M, ip; T)) 6 q . r 

The following corollary is an immediate consequence of Proposition 15.11 and Lemma IA.8I 
Corollary 5.3. 

B m ' 2 '\M, ip; T) m- W m ' 2 (M, ip; T) ^ 5 m;2 '°°(M, <p; T). 
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5.2. Proof of Lemma MM 



Proof of Lemma \2.1A We follow the outline of {AF031 Lemma 7.40]. We may apply the 
Reiteration Theorem to obtain 

B := B k -^ 2 (M, ip; T) = {W k ~ l,2 (M, <p; T), W k ' 2 (M, <p; T)) e>2;J 

where Q = \ — \ = \. From Theorem I A. 5 1 we can apply the discrete version of the J- method 
and obtain that u G B if and only if there exist u { G W k ~ lt2 (M, tp; T) n W k,2 (M, (p; T) = 
W k ' 2 (M, <p; T) for i G Z so that 



in W k ~ 1,2 (M, <p; T) + iy fc > 2 (M, <p; T) = W k ~^ 2 {M, ip; T) and such that 

{2 % l 2 \\Ui\\ W k-i,2(M,ip;T)} , { 1 1 Ui 1 1 W k,2 (M,ip;T) } £ ^- 

Let 7f : — )• M be the map that sends x G to the unique point 7r(a;) G M obtained by 
flowing along Z n . That is, there exists t = t x such that x = e tZn (n(x)). The constant e > 
is small enough so that each point x G Q' e can be uniquely represented by x = (n(x),t x ). In 
this way, if U G C£°(fi' e ) and x G fi e , then 



U(x) 



Z n U(e tZn (n(x))) dt. 



Let $ G C C °°(M) be so that 

(i) ^(t) = lon [-1,1], 

(ii) $(t) = if |t| > 2, 

(iii) < #(t) < 1 for all t G R, 

(iv) and there exists Cj > so that |V>^(t)| < Cj for all j > 1 and tel. 

Define ^(t) = V>(t/2*) and fa = fa +1 - fa. Then fa vanishes outside (2\ 2 i+2 ) U (-2 i+2 , -2*) 



(and at the endpoints in particular). Also, 
Let U G C~(fi' e ). Define Ui(x) by 



1 and 



< 2~ l ci. 



e 2 



fa{t)Z n (Ue~%) 



e tz n (fr(a;)) 



-00 



e 4 - 2 ™ (7r(a;)) 



Next, for x G M, define Ui by ■Uj(x) = Ui(x). Then 



«; i =e 2 



wt) 5 (^-») 



dt. 



e tZ n (tt(x)) 



By the support condition on fa and the Fundamental Theorem of Calculus, 



(23) Ui (x)e-- 



-2 Z 
2 i+2 



fa{t)j t {Ue-%) 
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dt 



2 *+2 



e tz n (n(x)) 



dt. 



Since U has compact support, Ui and consequently Ui vanish for all i G Z when |x| is 
sufficiently large. Therefore, the support of Tr U is a compact set on which ^2 ieZ Ui converges 
uniformly to u = Tr U. Also, if |a| < k — 1, then 



Z t Q an (^(x)e-^ i ) = / ^ ^(C/e-i) 



-2i+ 2 



dt 



e tZ n (j.) 



Recall that 



On Q' e , p is bounded in the C k+l norm, so Tj£ is bounded in the C k norm. Consequently, by 
Cauchy-Schwarz, 



^ an (^(^)e-^)|<(2 i+2 ) 1 / 2 C|| (T3 , ) | 



c k {a e ) 



_2* + 2 



2 \ X /2 

v H+1 (t^)| etZnW rftj . 



For a fixed t > 0, t G [2\2 i+2 ) for exactly two (adjacent) i. Set 1}/ = e*Zj{fe~*) = 
|(7) + Zj). By Corollary ||/|| W i,2 (M ^T) ~ E| a |<,- \\Y£J\\m, v - Moreover, the paths e tz » 
foliate so multiplying by 2~*/ 2 , squaring, summing over i, and integrating yields 



^ 2 l || u *llw' fc - 1 ' 2 (Af,¥';T) — ^ ^ ll^tan^lli 2 ^,^) — ^ ^ *ll^tan(' U » e 

|a|<fc-l 

= C V / |V |a|+1 (?7(x)e-^)| 2 dx<C||C/|| 

I 77, i Jtte 



Il 2 (m) 



|a|<fe-l 



|VK fe > 2 (T2 e , W X) 



|a|<fe-l ' 



where the last inequality follows from (I14p . 

Using the second equality in (l23l) and Cauchy-Schwarz, we have 



_ 2 i + 2 



iZ \ V 2 



< 2- i 2 (i+2)/2 C i 



Therefore, 



E 2 ' 



■it 



i\\W k ' 2 (M,<p 



T) <cj2 2 ii y t 



l!( T jfc)llc-fc(n' E ) 



taii U illl 2 (M,<£>) 



(l/(e^(s)) C - JO Hr^)|''<tt 
V H (f/e-2) 



2 i+2 



2 \ V2 

dt 



Il 2 (m, v ) 



iez 



/ |Vl a l( f /( a; )e~^ i )| 2 dx<C'||f/|| iyft , 2{ ^ ;X) , 

|a|<ifc n<i 



where the final inequality follows from (I14p. 

Together, these inequalities show that ||u||sfc-i/2 i 2,2( Af)¥ ,. T \ < C||C/|| w m > 2 (n' € ,<p;X) when [/ G 
C~(fi' e ). Since C~(fi' e ) is dense in Wf' 3 ^, ^; X), the proof is complete. □ 
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5.3. Proof of Theorem [231 

Proof of ThtoremWA Let £" = £ + £' + 1. Set B = B i+ h^(M, ip; T). By definition, 



B = (L 2 (M, <p), W £ "' 2 (M, <p- T)) where 9 - * + 2 

From the discrete J-method (Theorem IA.5j) . u G L 2 (M, ip) belongs to B if and only if there 
exist {uj}j e z C W l ,2 (M,ip;T) so that u = J2jez u i wnere the sum converges in L 2 (M,p) 
and {2 _J J(2 J ';uj)} G £ 2 . The latter condition means that there exists K > so that 

E_ I, 1 1 o t^2 1 1 1 1 2 || 1 1 2 r ^2 1 1 

2 ^HNIl^m^) < # Hb and 2^ 2 ^ll w iH^"^ (M ^ ;T) < K \\u 



21+1 ,, ll9 _ T ^ 9|I ll9 , x — V - 21+1 ii i ■) _ T , 7tl |, 2 

_ . ... r -. 



Let ?/> G C£°(R) be the bump function from the proof of Lemma [2.21 Set 

Vi(t)=^(t/*) 

for j G Z and 5 > to be decided later. Set rj(t) = $(2t/e). It follows that \ijjf \t)\ < c k 5~ jk . 
Also, for k > 1, 

supp^ (fe) C [-2<P, U [<P,2<P]. 
For y G f2' e , there exists a unique x G M and t G [— e, e] so that y = e tZn (x). Set Tr(y) = x. 
Since ||p||c m (Q' E ) < oo, it follows that the projection ||# Hc™- 1 ^) < °°- Set 

uAv) = ^c'^ ) i7(p(y))V'i(p(tf))Wy))%(*(y))e-' <p( * & ' )) . 

Since = Z n , it is immediate that 

^ = ^ = ■■• = ^1^ = 

and 

for all j G Z. 

Thus, we only need to show that U G VK £ (Og, </?; X) and is supported in Q! € . Since 
supp Uj C Q' t for all j, it follows that U is supported in fl' t . Note that if / is a smooth 
function on M, then there exist functions c ail a 2 , 1 < 0:1,0:2 < n — 1, that are bounded in 
C m - 2 (fi'J so that 

n-l 

Z ai (fojr)(y) = ^2c aua2 Z a j(n(y)). 

Also, by construction, Z n (/ o 7f)(y) = 0. Since Uj has support in Q' e , (fT4l) shows that we 
may use the operators (instead of the X^s) for differentiation. Let 7 = (71, . . . , 7^/) be a 
multiindex of length i" . Set 

7r = |{a G 7 : 7q, is tangential}] and 7iv = \{a G 7 : j a — n} . 

Set 

= r7(t)^-(t)t £ ' and ^(x) = M j (x)e"^W 

for x G M. Observe that 

i4 ai) wi<c ai ^'-^. 
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The function r\ does not affect the estimates - derivatives of rj are supported where \s\ G [e, 2e] 
and the support of derivatives of rj and derivatives of ipj cause rj ~ <5 J (or else the particular 
combination 7/^7/ is identically zero). By ( TH| and the fact that U is supported in Q' e , it is 
enough to bound \\Y y Uj(y)\\ L 2^ ip - ) to show that £/ G W^' ,2 (f2' e , X). 

Since p is bounded in the C m norm and c ai ^ a2 are bounded in the C m ~ 2 norm, there exists 
functions 0% a that are bounded on Q' € so that 

r^-CiOje-W = ZT(^-(y)e-^)) = ^ (#(y)) 

= EE ^ 0) Wv))^i(*(y))- 

Thus, 



a=1 l/?l<7T E 

= C E \fj a \t)\ 2 \Y^(x)\ 2 e-' p to dtd(T(x) 



Q!=l ||S|<7T 

7jv 

< 

;|- - ; 

7jv 

1) 



7jv 

^ 2£ '- 2a+1 ^ Uj (x)\ 2 e-^da(x) 

a=l |3|< 7T 



< r , ^^ M ' _2Q+1 )|H; ii 
— ° 2_-C H"jlliyTT. 2 (bn,v3;T) 



a=l 



where C is independent of j. Set 5 = 2« 77 . This means 

(24) (^' (2£ ' +1) + <^'~ 2w+1) ) Kll^bn,^)- 

To check that the sum on the right hand side of fl24j) is finite, observe that 

V^'( 2£ ' + 1 )||7/-H 2 , " V 2^7^117/ -II 2 , 

< ^2'2 J ~ F7 ~\\u j \\ 2 ve ,, <2{hn ^. T) < K\\u\\%. 



To bound the remaining term in (1241) . we use (12011 to bound 



rj(2£'-2 7JV +l)|| 112 < ,w rj(«'-2 7 iV+l) f 2|| ||2 , ~ 2 W^ II . II 2 
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We require ^'-27^+1) e 2 = gjC*+i) m This means £ 2 = 5 2 7JV i_ Since lT + lN = g" ^ it follows 



that ?77 22— = and 

* -It 7iv 



since £ + f + 1 = £". Thus, since 5 = 2^, 

^ (2 "'" 27JV+1) ll«ill^T, 2(b n^ ; T) < ( 2 ^INU''>>^;T) + S-^ll^-ll^^)). 

Thus, U G W^"' 2 (f2, v?; X) and the proof is complete. □ 

The proof of Theorem 12.11 is now complete. 

Remark 5.4. If (for example) £' = 0, then the formula for Uj is 

Uj(y) = e^^r / (p(y))^(p(y))^(^( 2/ ))e-^^) 

Since Z n (jt(y)) = 0, we can compute 

(y n C/ i ( 2 /))e-i^ = Z B (^(y)e-^W) = Z n p(y)( V ^)' (p(y)) Uj {n(y))e^(y)) 

It follows from the support conditions on 77 and ?/> that supp^^-)' fl [(— 5 J , 5 J ) fl (— e, e)] = 0. 
Therefore 

Tr(F n ^) = 

for all j. Similarly, Tr(Y k Uj) = for all k for which Y k is defined. A similar result also 
holds if £' > since Tr p = 0. 

Now that Theorem 12.41 is proven, we can apply our trace and extension theorems to prove 
that a simple (k, 2)-extension operator exists. 

Proof of Theorem \2.b\ Let 1 < k < m — 1 and / G W k ' 2 (Q, <p; X). We begin by constructing 
functions u±, . . . recursively. By Theorem 12. 1[ Tr / G B k ~2' 2,2 (M, (p; T) and 

Next, by Theorem I2.4[ there exists a function m G W fc,2 (f^, (p; X) supported in Q' £ and so 
that 

Trwi = Tr/ and ||ui|| w *,a ( n lW x) < #11 Tr f\\ B k-h^\ M ^T)- 

Thus, 

ll M i||w/ fc ' 2 (n,^ ; x) < #ll./1liy fc . 2 (n,^;X)- 
It now follows that (/ - u x ) G W k > 2 (tt, ip; X) n W^Q, <p; X). 

Next, T n {f- Ul ) G W*" 1 ' 2 ^, y>; X) so by TheoremEnj Tr(T n (/- Ml )) G B k - 3 ^ 2 > 2 (M, ip; T) 
and 

II IV(r n (/ -ui))|| sfc _i. 2)2(M ^ T) < A"||T n (/-ui)|| w *-i,a ( n lW x)- 

By Theorem 12.41 there exists a function u<i G W /fc ' 2 (J7( ; , 99; X) supported in Q' e and so that 
Tr«2 = and Tr(ff) = Tr(T n w 2 ) = Tr(T„(/ - and 

WMw^in^x) < K\\Tr(T n (f - Ul ))\\ Bk _3.^ 2{M ^ T) . 
Thus, (f-ui- u 2 ) G W k ' 2 (Vl, ip; X) n W 2 (Vl, ip; X) and 



||/ - m - u 2 \\ W k,2( ntip . X ) < K\\j \\w k < 2 (n,<p;X)- 
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Iterating this process, we can show that there exist functions 

Ul ,...,u k ew k ' 2 (Q' e ,p;X) 

supported in Q' t and so that (/ — m Uj) G W k ' 2 (fl, (p; X) n Wq '(ft, (p; X) and 

||/ — ui UjWw^iQ^x) < K \\f\\w k ^(n,ip-,x)- 

Thus, / - (u x + ■ ■ ■ + u h ) G <' 2 (fi, <p; X). 
Next, we can write 

/ = («i H h Wfc) + (/ - «i Wit). 

The function (/—«]_ — ■ • •— can be extended by to produce a function in W' ! ' 2 (R n , X) 
and (ux + • • • + u k ) G W k ' 2 (W n , <p; X). Thus, we define 

f(x) x G n 

+ • • • + Mfc(x) x G fK 

□ 



5.4. Approximation of functions in W h,2 (Q, (p; X). Using the Trace Theorem 12 A\ we 
are now in a position to improve Proposition 13.21 for p = 2 and relax the condition that 
feW^' 2 (n^;X). 

Proposition 5.5. Assume that bfl satisfies (HI)-(HVI) for some m>2. Let 1 < i < m — 1 

be an integer. Then C£°(M. n ) is dense W ,2 (Q, (p; X) in the sense that if e > 0, then there 
exist ip G C~(R n ) so that 

||V> - fWw^n^x) < e 

and 

<C\\f\\ 

where C is independent of f , ip, and e. 

The function ip that we construct will actually satisfy supp?/> C Q' e U Q. 

Proof. The proof is a consequence of Theorem 12.61 Let e > 0. Constructing the functions 
Mi, . . . , U(. as in the proof of Theorem 12.61 Then for any 1 < j < £, (/ — u\ — • • • — Uj) G 

W e ' 2 (Q, <p; X) n Wi(Q, p>\ X) and 

||/ - Mi Uj\\ w t,2( a ^. x - ) < K\\f\\ W t,2(Q i(p . x y 

Thus, / - («i H h Ue) G Wq' 2 (Q, <p; X) so there exists £ G C c °°(fi) so that 

||/- + - + Oil w«. a (n, w jc) < mi n {e,e||/||^,2 (n ^. x) }. 

We can now take ?/> = Mi + • • • + Uj + £. □ 

Proposition 5.6. Let Q C M n have a C m boundary and satisfy (HI)-(HVI). There exist 
K, K' > depending on n, m so that for each e > 0, u G W m ' 2 (Q, ip; X), and < j < m, 



■j/(m-j) \\ u \\1 



(25) ll^ll^n*) < K {' E W X Vl^) + e " 

|a|=j |/3|=m 

(26) \\u\\ w ^(n,v,x) < K' (e\\u\\ W m,2 { Q^. X ) + e~ j/(m ~ j) IM|£3(n,vo) 

/0'7\ II II ^ OZ^'ll ni/ m II II ( m— i)/ m 

l^'J \\U\\w^(n m X) S \\ u \\w^Q,ip;X)\\ U \\L 2 {Q,ip) 
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Proof. The proof of Proposition 15.61 is the same as the proof of Proposition 14.71 after using 
Theorem 12.61 to reduce the problem to MJ 1 . □ 

We can also prove an L 2 analog to |AF03t Theorem 5.33], the Approximation Theorem 
for R n . 

Proposition 5.7. Let ficR" satisfy (HI)-(HVI) for some m G N. IfO<k<m then there 
exists a constant C = C(m,n) so that for v G W ,2 (f2, p>; X) and < e < 1, there exists 
v e G C^(Q) so that: 

\\v -v e \\ L 2 M < Ce k ^2 \\ xav \\L2(n,<p) 

\a\=k 

and 

I, , i ^ < c [\\v\\ww(fi,v;x) ifj<k-l 

Proof. The proof uses the same argument as the proof of Proposition 14.81 □ 

Proposition 15.71 means that Q has the approximation property in the sense of |AF03] . As 
a consequence of our improved approximation results, following the proof of Proposition 15. 1[ 
we can prove 

Proposition 5.8. If Q C W n satisfies (HI)-(HVI), then 

W k ' 2 (n, <p; X) G F)(k/m; L 2 (fi, <p), W m > 2 {VL, <p; X)). 

5.5. Besov spaces on Q and Additional Trace Results. We are now ready to define 
weighted Besov spaces on Q. 

Definition 5.9. Let 0<s<oo,l<p<oo,l<g<oo and i be the smallest integer larger 
than s. We define the Besov space B s ' ,p,q (fl, tp\ X) to be the intermediate space between 
L p (fl) and W e ' p (fl, p\ X) corresponding to 6 = s/£, i.e., 

B™{n,wX) = (L*{n,y),w l *{n,y-x)) s/ltq;J . 

We will focus on the case p = 2 since we only proved an I? Approximation Theorem. By 
Theorem IA.4[ B s ' ,p,q (Q, p\ X) is a Banach space with interpolation norm 

\\u\\ B ^(u m x) = \\u; (L p (n,p),W e ' p (n,p; X)) s/e>q .j\\. 

Also, B s ' p,q (Q, p; X) inherits density and approximation properties from W e,p (Q, tp; X). For 
example, {ip G C°°(VL) : H^llw^.prn.^x) < °°} is dense in B s ' p ' q (£l, p; X). 

For Q that satisfies (HI)-(HVI), Proposition 15.71 and the Reiteration Theorem (Theorem 
IA~TUD . if < k < s < t and s = (1 - 6)k + 6£, then 

B s * q (n,p;X) = (W k ' 2 (n,p;X),W £ ' 2 (n,p;X)) 9 ^. 

More generally, if < A; < s < £, s = (1 — 9)si + 9s 2 , and 1 < qi, q 2 < oo, then 

(28) B s -' 2 ' q (Q,p;X) = (B S ^(Q, p- X), B S '^(Q, p- X)) eq . r 

We are now in a position to prove the following Trace Lemma. 

Lemma 5.10. The trace operator Tr embeds B 1 ^ 2 ' 2 ' 1 (Q' e D f2, p>\ X) into L 2 (M). 
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Proof. Let U be an element in B = B l l 2 ' ,2,l {VL' e fl Q,<p;X). Without loss of generality, we 
may assume that \\U\\b < 1- By the discrete J-interpolation method, there exist functions 
Ui, i G Z, so that U = J2iez U% and 



^2- i / 2 ||C/ i || i2(n , nn ^) < C and £V 2 ||L/; 



< c 



for some constant C. As in the proof of Lemma 12.21 we may assume that the functions Ui 
are smooth and at most finitely many are not identically zero. For any of these functions, 
we have, for 2 l < t < 2 l+1 and x G M, 

-e 2 Ui(e sZn (x)) 



e Ui(x) 



< 



ds 



Z n (e-^^U t (e^(x))) 



ds + 
ds + 



< C Z„(e-*^f/ i (e-.(x))) 
Jo 

Averaging t over [2\ 2 l+1 ], we now have the estimate 



ds + 









e ^Ui(x) 









Z n (e * Ui(e sZ "(x))) 



ds + — 

2 l 



By Cauchy-Schwarz, 



2 i+i 



<2^ +1 V 2 / |r n ^(e tz "(x))|V^ Zn ^^ 



V^(e^(a;)) 

'^(e' z "(x)) 



-^U^ix)) 



1/2 



dt. 



2 i+i 



+ 2-*/ 2 / \Ui(e^(x))\*e-*^™ db) := <n(x) + h{x). 



1/2 



Observe that ||ai|| L 2 (M ) < C2 l / 2 ^U i \ [W i,2{n' € nn, V ;X) and ||6i||i2 (M ) < 2 l/2 ||t/i||L2(n' E nf^)- Sum- 
ming in i, we have 



+ 2 l ' 2 IlL'jll^m' 



(n' e nn l¥ 3) 



< C 
□ 



As a consequence of Theorem 12.11 and Lemma I5.10[ we can now prove our Trace Theorem 
for L 2 Besov spaces, Theorem 12.71 Theorem 12.71 is an L 2 -analog of |AF03t Theorem 7.43]. 

Proof of Theorem \2. 7[ The proof of Theorem 12.71 follows from (1221) . Theorem 12.11 Lemma 
15.101 and the Exact Interpolation Theorem. □ 

We conclude our discussion of Sobolev space results with an extension of Proposition 13.31 
and Corollary 13. 5[ namely the proof of Proposition 12.51 

Proof of Proposition \2. 51 We will first show that \\v Hvpi.am^z?) < C\\v\\ w^ia^x) for some 
C independent of v. By Theorem 12.11 Trv G B 1 ^ 2]2 ' 2 (M, tp\ T), and there exists v' G 
W 1 ' 2 ^, (p; X) with support in Q! e so that 

Tr v' — Tr v 

26 



and 

\\ v Ww^in^x) ~ II Tr-u / || jB i/ 2 ;2,2( MjV , jT ) < C\\v\\ w i,2 (n ^. x y 

Writing v = (v - v') + v', we see that v - v' e W^ 2 {Vt,ip; X). Since W 1,2 (Q,</?; X) = 
Wq ,2 (£1, ip; D) by Corollary 13.51 and Corollary 13.81 we estimate 

\\v - v'\\ w i,2(n,^D) < C\\v - v'\\ w i,2(n yip . X ) < C\\v\\ w i,2(p tip . X )- 

Thus, we need only to prove the result for v'. However, since v' has compact support in Q' e , 
we can use Corollary 13.51 to bound 

\\v Ww^in^D) < IWWw 1 ' 2 ^^-^) < ll'y'llw 1 ' 2 ^,^) < II Tr f ||bi/2;2,2( M>¥ , jT ) < C\\v\\ w i,2(n^ X ), 

and the result is proved for k = 1. 

To show that W k ' 2 (fl, ip; X) = W k ' 2 (fl, ip; D) for k > 2, we induct, k = 1 is the base case. 
If we assume the norms are equivalent up to order k — 1, then let |a| = k and |/3| = k — 1 so 
that X a = X^Xj for some j. Then 

II^NU 2 ^) = H^DjUllia^) <C ^ HX 7 /}^ || L 2 (f ^) 

|7|=fc— 1 



<c (ll^MU 2 (^) + |*" 

|7|=fc— 1 

The first term is bounded by |M| w^n^x)- The second term can be estimated as follows: 



X^ 



dxj 



1)^) 

ox 



< £ c 

71+72=7 

By (HIV), the derivatives of <p are controlled by |Vcp| which in turn is controlled by X^ + X^. 
Thus, the second term is also controlled by ||f || w fc . 2 (n,^ ; x)- 

The proof that W ' 2 (tt, ip; X) embeds compactly in L 2 (fi, tp; X) is contained in Proposition 
13.31 and its corollaries. We will show that this implies that W ,2 (fl, tp; X) embeds compactly 
in Wq~ 1,2 {VL, ip; X) by induction. 

Assume that for some 2 < k < m — 1, the result holds for 1 < j < k — 1. Let {ipe} 
be a bounded sequence of functions in W ' 2 (fi, tp; X). Then {tpe} is a bounded sequence 
of functions in W ~ 1,2 (fl, ip; X) and hence there exists a subsequence (renamed to be ipi) 
converging m Wq' 2 {Q,<p;X). Moreover, {V xM is a sequence of bounded vectors whose 
components are in Wq~ 1,2 {VL, ip; X), so there exists a further subsequence, renamed ipe, so that 
{VxM is Cauchy in W k ~ 2 ' 2 (n, ip; X). It now follows that {ipe} is Cauchy in W Q ' (f2, tp; X). 

Next, let {fe} be a bounded sequence of functions in W k,2 (fl, ip; X). Using the simple 



(k, 2)-extension operator E from Theorem I2.6[ we extend fi to Efi e Wq' 2 (W 1 , ip; X). By 
the previous paragraph with W 1 playing the role of Q, there exists a subsequence Efi. 
that converges in Wq~ 1,2 iW 1 , ip; X) . Since ^/^| n = fi P it follows that fi. converges in 
W fe ~ 1,2 (fi, ip; X). ' " □ 

6. Interior estimates - the proof of Theorem 12.131 
6.1. The £ = case. 

27 



Proof of Theorem \2. 13\ for i = 0. We follow the outline of [EvalOt §6.3, Theorem 1]. Choose 
W Cflso that V C W, dist(V, W) > 0, and dist(W,bft) > 0. We first assume that V and 
W are bounded. Let £ G C°°(f2) be a smooth cutoff so that Q v = 1 and supp£ C W. Since 

L is elliptic, by the classical theory u G W^(Q, tp; X). 

Since u is a weak solution of Lu = f, we have D(v, u) = (v, f) v for all v G W ' 2 (Q, -X"). 
Thus 



(29) V / XjVa^Xkue-v dx = [ 



vge ^ dx 



j,k=i 1 

where 



(30) ff = /"E + 6 ^* U + ( X i 6 i) M ) ~ 

We would like to use (|29|) substituting t> = X^*(£ 2 X^-u). This is problematic as u G 
W 2 ' 2 (W, if] X) and not thrice-differentiable. Instead, we let u e G C^°(f2) be so that u e — > u 
in W 2 > 2 (W, tp; X). We set t> e = X £ *(C 2 X£« e ). In this case, the left-hand side of (BSD becomes 

n 

A e = {X,(X* e C 2 X e u e ),a jk X k u) v , 
j,k=i 

and the right-hand side becomes 

r n db 1 

B e = v e ge~ v dx = (x;( 2 X e u £ , f - V (fyXyu + bjX*u - -^w) - bu) . 

Equation (|29|) now says that A e = B 6 . 
Observe that 



A t = {X* e X J ( 2 X £ u t ,a jk X k u) v + ^(\X 3 ,Xl]( 2 X l u,a. jk X k u) v 

j,k=l j,k=l 
n n 

(31) = {X j ( 2 X e u t ,a 3k X e X k u) v + [([X,,X;]C 2 X^,a jfc X fcM )^ 

j,k=l j,k=l 

(32) + (XjC 2 Xtu e , ^Xku] 



Since no more than two derivatives of u t are taken in A e , we can let e — > and observe that 
A = B where 

A=J2 (Xj^X^ajkXeXku)^^ [([X v X;)( 2 X E u, a jk X k u)^+ (x£ 2 Xfli, ~^X k u 

j,k=l j,k=l 

and 

(33) B = (x;C 2 X^, / - { b j x j u + b j X j u - JT U ) ~ bu ) ' 
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We continue our investigation of A. Observe that 



[Xj,Xl\ 



dxjdxi 



and [X e ,X k ] = {[X e ,X k ]*Y = [X fc *,X;]* = 0. 



We have 



n n 

A=J2 {X J ( 2 X e u,a jk X k X e u) v + [([X j ,X^]C 2 Xm,a jh X k u) t 



j,k=i 



j,k=i 



+ (XjfXfu, -^Xku") + {X 3 ( 2 X e u, a jk [Xi, X k ]u) ( 



n n 

{( 2 X j X i u,a jk X k X l ,u) ip + [{[X j ,X;]( 2 X e u,a jk X k u) i 



j,k=i 



j,k=i 



(34) 



da a 



+ (X 3 C 2 X e u, -gfXku) + (2C^-X £ u,a jk X k Xm) 



The strong ellipticity condition implies that 
(35) 



^2 (CXjXtu^jkXkXeu)^ > 9\\(V x X e u\\ L 2 (Wjlf) . 
j,k=i 

The remaining terms we bound as follows: 

\Xj( 2 Xtu,-^X k uj + (2(—Xi>u,a jk X k Xt,u)^ < C 1 \\(VxXiu\\vi(yy, v )\\^xu\\iP(yv',<p), 

where C\ depends on ||cijjfc||c' 1 (n) an d IICIIc 1 ^)- In particular, C\ does not depend on | supp£|. 
Next, using (HIV), Corollary 13.51 and the fact that Jjj^ = —X* — Xj, we have 

([X„X* e ]C 2 X £ u,a jk X k u) v \ < C 2 ((l + \V^\K 2 \X £ u\, \a jk \\X k u\) v 

< C' 2 \\('Vxu\\l2(w, v )(\\( 1 Vxu\\ L 2( W>(p) + \\(VxXtu\\ui(w tV )), 

where C 2 depends on C2 and ||ajfc||i>c,(n). Thus, using ( )35|) and the bounds on the error 
terms, we can bound (with C = n 2 (Ci + C' 2 )) 

\a\ > e\\cv x x e u\\ 

(36) > 6 -\\(V x X e u\\ 2 L2{w ^ - CsWVxuWbw), 



where C3 = C3(||ajfc||ci(j^), HCHc 1 ^)' n ' We can bound B with Cauchy-Schwarz and the 
small constant /large constant inequality. In particular, we can use Corollary 13.51 to show 
that for some constant C 4 > where C 4 = C^GIfylU 00 ^)' H^llc 1 ^), ||&IU°°(n), IICIIc* 1 ^), n), we 
have the estimate 



(37) 



\B\ <C 4 ||CVxX, M || 



e 



L 2 (W,f) + |M|w-i>2(W,¥j;X) 



< -^WC^ xXiu\\ 2 L 2 iW:V>) + C 5 (\\f\\ 2 L 2 (WtV3) + \\u\\wi,2(W,<pX)) > 



where C 5 = C5(||6j-||L«»(n), ||^-||cft(n), ||6|U°°(n), n, 
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Combining ( 136]) and (|37|) . we have shown that 

(38) IMIw/ 2 > 2 (V>;X) ^ ^(ll/Hz, 2 ^^) + ||m||^/i,2( W / i(/ ,.x)) ? 

where C 6 = C6(||a ifc ||c<i(n), HCHc 1 ^ ||&ilU°°(n), H^Hc 1 ^)' ||&IU°°(«), n, 6 1 ). We can improve the 
estimate fl38l) and replace IMIvpi^m^.x) with IMI 2 ^^)- Let r\ G C^°(fi) be a cutoff so that 
77 \w = 1. Using (T2l?j) and strong ellipticity, we estimate 

1 - 1 

WvVxu\\ 2 L 2 {ntip) <qY1 {rfXjU,a jk X k u) v = y\{v 2 u,g)J 

j,k=i 

< C 7 \\u\\ L 2 {niip) (\\f\\ L 2 {niip) + \\r]V xuWl'2^) + IMIl^fi^)), 

where C-j = CV(||&7||i,°°(fi), ||c 1 (n)? ||&||L°°(fi)j 0). Using a small constant/large constant 
argument, we have 

||Vxw|U 2 Wv?) < II^Vx^ll^^) < C 8 (11/ ||ia(n jV ) + |M|L3(n,v>))i 
where C 8 = C 8 (||&j|| £«,($}), ||^||ca(n), ||&IU°°(fi), n, 6). Thus, we can refine ([38]) by 

IMIiy 2 . 2 (v>;X) < C(||/IU a (fi )¥ + IMIi 2 ^)), 

where C = C(dist(V,bQ), \\a jk \\ C i(n), ||fylU°°(«)> ll^llc 1 ^)) IHU°°(fi)> ™, C and 77 have disap- 
peared from C as || Cll c 1 (fi) depends only on dist(V, bO). Thus, we can relax the boundedness 
condition on V and let V be as in the statement of the theorem. □ 



6.2. £ > 1 case. 

Proof of Theorem \2.13l £ > 1. As with the £ = case, that u G Wf^ 2 ' 2 (Q, <f] X) follows from 
the classical theory. We will establish ([5]) by induction. The £ = case has already been 
established. 

Let V C W C Q so that dist(V,bVT) > and dist(W,M2) > 0. 

Assume that ([5]) holds for a nonnegative integer £, for 6^ G C £+2 (fi) fl H /£+2, °°(n), 
for G n and for / G lU m ' 2 (ft, X). Assume further that u G 

W 1)2 {Vl, tp; X) is a weak solution of Z/u = / in Q. By the induction hypothesis, we have the 
estimate 

IMIw^+ 2 (Vy i¥ .;X) < C(\\f\\ w e (n ip .x) + |M|L 2 (n, v )) , 

where C = C(dist(W, bO), ||% fe || c ^+i (n) , ||6j||^(n), ll^llcf+Hn) > l|6||c<(n)> n,9,£). Let a be a 
multiindex of length \a\ = £ + 1. Let v G C£°(W) and set 

u = (X a )*d and 7j = X a u. 

Since £>(t>,-u) = (t>, f)^, we plug in t> = (X Q )*?3 and compute 

n n 

®(v,u) = [((^^ 

j,k=l j=l 

+ {{X*yv,bu) v . 
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Integrating by parts gives us 



n n 

®(v,u) = {XjV,a jk X k X a u) v + £ ((v,b 3 X 3 X a u) ^ + {v, X*%X a )u) J + (v,bX*u\ 

j,k=l j=l 

+ ((«, (X a )TsA< + £ (5, (D"-?a jk ) X k X^u)\ 

j,k=l ^ Ceo ' 

n 

+£((*' (^ & ) X H + E (ft A) + ft ^((^A) ^)),) ) , 



SO 



(39) ®(v,u) = '3)(v,u) + (v,g) ip , 



where 



n / \ n 

g= ([X J ,(X a )ra jk X k u + Y,(D a - p a jk )X k X^u)+Y,[X3,(X a rrb' J 

j,k=l ^ PCa ' j=l 

fJCa \ j = l V / I 



To compute [Xj, (X a )*]*, observe that 

= • • • = (x-)*x, + [x v x* ai \x* a2 ■ ■ ■ x* ae+i + ... + x* ai ...x* ae [Xj, x* ae+i ] 



Fir -Fir ° 2 Ql a ^ Fir Fir 



= (x a yx, + J2c aj (x^*D a -^ 

7Cck J 

for some constant c Q7 Thus, 



7Cck J 
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and we can rewrite 

n 



7 Ca '"i,fc = l J J=l J 



+E 

/3Cq 



D a ' p bX^u + ^ D a ~^a jk X k X^u + ^ L> a ~% X^u + X* (D""^ X^u) 



j,k=i 



3=1 



E E <*» E K^K^* * J ^« + E 



9^9 



T Ca JC7 L j,fc=l J 3=1 



dxj. 



+E 

/3Cq 



D a -?bX p u + ^ D a ^a jk X k X^u + ^ £> Q- % X^u + X* (D a ~% X p u) 

j,k=l 3=1 



Thus, if / = X a / — g, then we can express X)(v,u) = (v,f) v = {v.X 01 })^ as D(v,u) = 
(v, f) v . Since v G C£°(f2) is arbitrary, u is a weak solution for Lu = f. Since 

II/I|l 2 (^) < C"(||/||w*+ 1 .2(fl, l p;A-) + 1 1 1 1 Z a (fi, V )) 

it follows from the induction hypothesis that / e L 2 (W / ) with 

||/||l 2 (W,vi>) < C(||/II^+ 1 . 2 (Q,^;X) + IMU 2 (f} l¥ j)) 

As a consequence of the £ = case of Theorem I2.13[ 

IN|w 2 . 2 (V>;X) < C(\\f\\ L 2^ Wiip ) + ||w||l 2 (W») < C(\\f\\ w l+i,2(n,<p;X) + ll M IU 2 (n, v ))- 

Since this inequality holds for any a of length (i + 1), it follows that w G W /£+3,2 (V, X) 
and 



u 



\w*+ 3 (w,<p;X) < Cdl/ll^+Hn.^x) + IMIl 2 (!^))- 



□ 



7. Elliptic regularity at the boundary 

The standard technique to prove elliptic regularity at the boundary is to work locally, 
rotate, and flatten the domain. Working on a weighted L 2 space complicates the matter and 
we instead work with tangential and normal derivatives. 

7.1. Tangential Operators. Recall that a first order differential operator T is a tangential 
operator if the first order component of T annihilates p. By the hypotheses on Q, there 
exists e > so that on Q' e , there exist first order differential operators 7\, . . . , T n so that 

n 

Tj = y^TjjXi, 
i=i 

where (r^) is an orthogonal matrix, the components Tji are bounded in C m_1 (f2' (; ), Tj is 
tangential for 1 < j < n — 1, the first order part of T n is the unit outward normal to the 
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level curve of p and 



(40) El T ^| 2 = l V ^| 2 - 
From ( I40p . it is clear that if k < m, then 

( 41 ) l|w||w*.a(n, w x) ~ 5^ W^^Wl^q^) + IMIwMOAnr^x)- 

\a\<k 

By assumption \dp\ = 1 on bf2 so that if u e is the unit (outward) normal to {x G C 
p(x) = — e}, then i/q = 9 ^ . As an immediate consequence of the Divergence Theorem, 




where da is the surface area measure on bfi. 



7.2. Proof of Theorem 12.151 £ = case. We are now ready to prove the regularity of 
solutions of Lu = f near bQ. 

Proof of Theorem \2.15[ i = case. Given Theorem I2.13[ it is enough to show that u G 
W 2 ' 2 (Q e , ip; X). Let V, W C Q' t be smooth, bounded domains so that V C W and dist(V, bW) > 
0. Let ( G C°°(IR n ) be a smooth cutoff so that (\ v = 1 and suppC C W. Since L is el- 
liptic and W is bounded, the classical theory yields u G W 2,2 (Q t fl W 7 , By (HI), it is 
enough to work locally, i.e., we can assume that suppw is small enough that T\, . . . ,T n are 
well-defined on supp u. 

The function u is a weak solution of Lu = f, so we have D(v,u) = (v, f) v for all v G X. 
Thus u satisfies the free boundary condition for X and equations (T29]) and ( 130]) hold. As in 
the proof of Theorem I2.13[ we would like to use ff29|) substituting v = Xl(( 2 Xku). This is 
problematic as u G W 2,2 (W, (p; X) and not thrice-differentiable. Instead, we use Proposition 
Owhich constructs u t G C~(R n ) so that u £ it in W 2 ' 2 (WnQ e , <p; X). Let 1 < k < n-1. 
Then set v e = T£(( 2 T k u e ). In this case, the left-hand side of (T29|) becomes 

n 

A ^ := { X i T k^ 2T kUe)^a jr X r u e ) v , 
and the right-hand side becomes 

S £ := ^ v^e"* dx = (TZ(( 2 T k u e ), / - ]T {bjX.u + tyXju - -^u) - bu) ^. 
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Equation (|29|) now says that A e = B e . Since T k is tangential, T£ is also tangential and we 
compute 



n n 

A t = {rtXj{C 2 T k u e ), ajj,Xj,u) + ^2 ([X s ,IZ](C 2 TkUe),a jj 'X fU \ 
j,j'=i j,j'=i 

n 

Y (Xj^TkU^^ajyTkXj 



iJ'=i v 

n n 



(43) +J2 [([X3,^KC 2 TkU e ),a 3j ,Xj,u) + ]T (x o {C 2 T k u e ), r w -^-X f u 

j,f=i 9 k'=i Xk ' 

Since no more than two derivatives of u t are taken in A e , we can let e — > and observe that 
A = B where 



^■(C 2 T fe «), ajj>T k XfU 



+ J2 [{[Xj,nKC 2 T k u),a jf X f u) + Y,{ X ACT k u),r kk ,-^-X r u 
jj'=i v k'=i Xk> 

and 

(44) B = (T*(( 2 T k u), f-J2 &X jU + tyXju - -^u) - bu 



We continue our investigation of A. Observe that T£ = Y^ k '=i ( T kk'Xl, — > so 
rir t*i V" -r 9 V , 9r **' Y d2rkk ' 



dxjdxu 8xa dx k 'dxj 

k'=l j j j 

and 



[T fc , Xj-i] = - ^ 77— X k >. 



dx^ 

k'=l 3 



We have 

n n 

A=J2 (x^T^^^Xynu) + [([ X ^ T kKCT k u),a jf X fU y 



+ (Xj (C 2 T fcM ) , -^jf-Xyu) + [Xj (C 2 T k u) , a jf [T k , X r ]u 



n 



= {( 2 X j T k u,a jj ,X j ,T k u)^+ Y [([ x i> T fc](C 2 ^),«jj'^j'M) 
(45) 

+ (x,- (C 2 T fcM ) , -^,\>,/) + (x, (C 2 T fc u) , a iy [T fc , + (2t-^-T k u, a jf X y T k v!j 
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(47) > -\\(V x T k u\\ 



The strong ellipticity condition implies that 

n 

(46) Yl {( 2X 3 T k^ a n' x r T ku) v >0\\C ! VxT k u\\l2 {Wr[ ^ ip) . 

As in the proof of Theorem 12.131 the remaining terms of (145 p are bounded by 

C2(\\C^xT k u\\ L 2 {WnQ€ ^ ) \\\/ x u\\ L 2 {Wnn€)ip) + ||Vxw|||2( Wnn£)¥> )) 

where C 2 depends on Hcijj'llc 1 (fi), ||p||c 3 (Q) and IICIIc 1 ^)- m particular, C does not depend 
on the size supp £. Thus, using f )46|) and the bounds on the error terms, we can bound 

\A\ > 0\\CV x T k u\\ 

- C 2 (\\C^xT k u\\ L 2 {WnUe ^\\CVxu\\ L 2 {Wn Q e ^ ) + \\V xu\\ 2 L 2( WnQe>(p) ) 

where C3 = Ca^lajj'Hcnfn)) HCHc* 1 ^), n , 0, \\p\\c 3 (n))- We can bound B with Cauchy-Schwarz 
and the small constant/large constant inequality. In particular, for a constant 

C 4 = C4(||fej||L°°(c), ll&j-Hc 1 ^), ||&|U°°(n), n, ||p||c 2 (n)), 
we have the estimate 

\B\ < C 4 ||CV xT k u\\ L 2( Wnne ^) ||/||i2(wnne,¥>) + IMIw^-Wn^^x) 

Q 

(48) < xTku\\ 2 L 2( Wme ^ + Csdl/ILz^nn,^) + \\ u \\w^{wnn„^x)) 

where C 5 = CsGNU 00 ^), ||6j-||o 1 (n)> I^IU-(n), n, 9, \\p\\c*(n))- Combining (@Z|> and (gHJ), it 
follows that 

(49) ll^ 7 T nu llw 1 . 2 (V'nn e , V ;X) — C6(||/||i2(wnn e ,v) + INI W^wnciewX)) 

where C 6 = C & {\\a jr ||ci(fi)> IKIIc 1 ^)' INU°°(n), H^Hc^n), ||&IU«(n), 0, l|p||c 3 (n))- 

We can improve the estimate ( 1491) and replace ll^ll^i^^^.^-) with II^H^^p^^- Let 77 E 
C^°(f2'J be a cutoff so that ^|vynn E = 1- Using ( 1291) and strong ellipticity, we estimate 

1 - 1 

where C 7 = C 7 (||6j ||ci(n), ||&IU°°(fi), n, 0)- 

Using a small constant /large constant argument, we have 

||Vx«|U2(wnn e)SP ) < \\rfV xu\\i?$i itp ) < C 8 (\\f\\ L 2(n, v ) + \\u\\ L 2 {ntlfi) ) 

where C 8 = C 8 (||6j||z,°c(n), ||&J-||ci(fi), \\b\\L™(n),n). Thus, we can refine flUJJ) by 

l|Vr n M||^i,2 ( y in) < C(||/||i,2(n i¥ ,) + ||w|||a (niV ,)) 

where C = C(||a#/||c.i(n), ||&il|z,o°(n), ll^llc 1 ^), ||6||i«>(n), to, 0, ||p||ce(n))- C and 77 have disap- 
peared from C as the bound depended on HCHc 1 ^) Du t that bound depends on dist(V, W). 
Thus, we can relax the boundedness condition on V and let V be as in the statement of the 
theorem. 
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It remains to bound ||^u||l2(J2 )¥ i)- To do this, we recall that Tj = Yl] j>=i T jj' x j' where 
(Tjj>) is an orthogonal matrix. Therefore, if (t^-') -1 = (t 3 ' j ' ), then Xj> = X^?/ =1 t j ' k Ty. 
Therefore, 

n n 
i.i'=l j,j',k,k'=l 

Let = Yujj'=\ ^ k ajjiT^' k ' . Since (r^ k ) is an orthogonal matrix and the smallest eigenvalue 
of djj> is 6, it follows that 

n 

fc,Jfc'=l 

Therefore, if £ = (0, ...0, 1), then we see that > 9. Consequently, using the fact that 
Lu = f, we see 

\T*T n u\ < cJ\V x V^ n u\ + \V x u\ + {\ b i X M + \ x *3% u )\) + M + \f\) 

where C 9 = Cg ( ||p|| c 2 (Q) ? ^) - Since the right-hand side is bounded in L 2 (Q,{p), T*T n u G 
L 2 (Q,(p). Finally, since || V* x T n u\\ L 2^ n ^ > C\\T 2 u\\ L 2^ n ^, the proof of Theorem 12. 151 for the 
case £ = is complete. □ 

7.3. The £ > 1 case. Before proving the higher order case, we perform a quick computation 
regarding tangential and nontangential operators. 

Lemma 7.1. Let X be a first order differential operator with coefficients bounded by \\p\\c k {n' t ) 
for k > 1 and let T ai , . . . ,T ae be tangential operators with coefficients bounded by Hpllc^no- 
If T a = T ai ■ ■ ■ T ae , then 

i. 

XT a = T P X P 

for first order operators Xp with coefficients bounded by ||p||c fc +<H/3i(n') ■ 
ii. With Xp as in i., 

[X, T a ] = T ^ X P 

Proof. The proof is by induction on £. When i = 1 this is self-evident for any k > 1, since 
XT = [X, T] + TX. Observe that for 2 < j < £, 

X I ai ' ' ' T ai XT a2 • • • T a j -\- [Xj T ai ^T a2 • • • T a ^ . 

If X has coefficients bounded by ||p||c fc (f^) ; then the commutator [X, T ai ] is a first order 
differential operator with coefficients bounded by HpIIc^+m^')- ^ we a PPly the induction 
hypothesis with £ = j — 1 to both terms, then (i) is proved. 

The proof of (ii) follows from proof of (i). □ 

Proof of Theorem \2.15L £ > 1 . This proof is loosely based on the proof of |Fol95j Theorem 
7.29]. By Theorem 12.131 and the classical theory, we know that if / G W ,2 (ft, <p; X) and 
Lu = f, then u G W^ 2 ' 2 (Q, <p; X). As with the £ = case, we can restrict ourselves to f2 e for 
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e > suitably small. Let V, W C Q' t be bounded subsets and satisfy V C W, dist(V, bW) > 
and dist(W,MT e ) > 0. Choose C G Cf (W) with C|v = 1. 

We first induct on the number of tangential derivatives. The base case is already done. 
The induction hypothesis is that if £ > 1 and < then there exists a constant C that 
does not depend on V, the size of the support of (, or W so that 

(50) ||7*u|| <C(||/|| + \M\i?(a.,<p))- 

Let a be a multiindex of length I + 1. Let u G W l,2 (Q € , p; X). We start by showing 

(51) \£)(v,T a (u)\ < Ci\\v\\ w i,2( Wme}V .x)(\\f\\wM(wnn e ,>p;X) + IMU^wnn,^)) 

where Ci = Ci(||a jfc || cW(n) , 1 1 foj 1 1 c^+i (n) , ||6J||o«+i(n)' ll 6 llc«+i(n)>^ l|C||c«+i(^)> ||p||o«+»(ni))- 

By Proposition [321 there exist Vg G C£°(R n ) so that vg — >■ v in W /1,2 (fi e , y?; X). Therefore, 
since D involves at most first order derivatives, 

\im®(v 5} T a (u) = D(v } T a (u). 

5—s-O 

We compute 

n 

(52) D(v s ,T a (u)= (XjVg,a jk X k T a (Cu)) v 

j,k=i 

n 

+ E [KW^ccu)^ + (x^,6;.t-(c«)) J + (v s ,vr°(Cu)) ip . 

3=1 

We examine each term separately 

{X lV s,a, k X k T a ((u)) v = ({T a yXjV S ,a jk X k (tu)) v + (X jV g, [a jk X k ,T a ]((u))^ 

= (C(T a )*X j v s ,a jk X k u) v + (Xj(T a )*vs, + [a jk X k , T a }((u))^ 

(53) = (x^CiT^yvs),^^^ + ([C(T a y,X j ]v s ,a jk X k u) ip + (x^T^vg, ^-a jk u) 

+ (X j v s ,[a jk X k ,T a ]((u)) tp . 

Next, 

(t^X/HC*)^ = (iT a )*Vg, bjXj^u))^ + (v S} foXj, r°](C«)) v 

(54) = (C(T«)^,, ft^u^ + ((n^.^^:")^ + («* fe^.T^KCu))^ 
Also, 

(X^,6;.T«(C«))^ = (C(n**i**fy*) v + (X^, [b^mCu))^ 

(55) = (^(ccn^).^)^ + ([c(T a )*,x,> 5 ,6»^ + (x^ 5 , [^,n(c«)) v 

Plugging (PD, (J54J) and Q55J) into ([52]), we see 

t«c«) = ©(ccn v (ccn v /) v + e 

= (T: iV g,T a2 ...T ai+l (Cf)) v + E 
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where 



j,k=i L 



{[((T a )* , Xj]vs, cijkXku) + (Xj(T a )*vs, -^-ajku) + (X jVs , [a jk X k} T a }((u)) 



dx k 



n 



j 7 f 



+ £ [6;,n(c«)) v + (v 5 , [b,T«\((u)) v . 

Since [(, (T a )*] is tangential and [(, (T a )*]* = [T a ,(] is a differential operator of order £, by 
the induction hypothesis 

(56) \®(v s ,T a (u)\ < C 2 \\vs\\w^Hwnn., V ;X)\\f\\w^(wnn e , v ,;X) + \E\ 

where Ci = C2 ( 1 1 C 1 1 C7^(jT2' ) ? IIpIIc £ (qo) - ^ e ^ urn our attention to E. Using integration by 
parts, [(T a )*,X]* = [X, T a ] (formally), and Lemma [7.11 (with k — 1, since the result is not 
improved when the coefficients of X are smooth), it follows from the induction hypothesis 
that 

\E\ < C 3 \\vs\\w 1 ' 2 (wnn,, V ;X) ll^^llw^wriO^-x:) 

\P\<* 

< ^ll^llw^fWnr^^x) (11/11 w e - 1 ' 2 (Wnn t ,i P ;X) + IMU 2 (Wnr2 s , v )) 



(57) 
where 



C4 — C4(||%fc||c«+ 1 (n)) ||^||c^+i(n)) IHIc^+v^)' n ^ IICIIcw^O' IMIc* +3 («£))- 

By plugging floTl) into fl56l) and letting 5 — > 0, we observe that f l5Tj) has been verified. 

Since T a ((u) & X, we can set v = T a ((u) in fl5Tj) and use the coercive estimate ([ 
obtain 

\\T a ((u)\\ 2 wl , 2{w) < C 5 {mT a ((u),T a ((u))\ + ||T"(Cu)||k (lw) ) 

< C 6 ||r Q (C«)|Ui, 2{ o e ^)(||/||^, 2{ n £ ^x) + l|T Q (C«)|| 



to 



+ imc«)iiw 



where 



C*6 — Cedlojfcllcwcn)) IIMc^ 1 ^)' H^llc^n), ||&||c* +1 ( n )> n i®i IICIIc^O' IMIc*+ 3 (fi£))- 

Applying a small const ant /large constant argument and the induction hypothesis (150]) for 
\(3\ < £, we can finish the proof of ( !50l for |a| = £ + 1. 

We now need to lift the restriction that T a is tangential. Without loss of generality, we 
may assume that \a\ = £ + 2 and T a = T^T^ where T 13 is tangential. We will show that 
there exists a constant C7 so that 



(58) 
where 



\T a u\\ L 2( Vnni!iip ) < C 7 (\\f\\ w e,2(wnn e ,<p;X) + \\u\\L 2 (Wnn e ,<p)) 



C 7 — C 7 (\\aj k \\ c e+i(ty, \\bj\\ct+i(n), \\bj\\c^(n), ||fr||c*+*(fi)> n ' IICIIc^+^oO' IHIc* f + 3 (Q e ))- 
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The 7 = case follows from (|50|) . Similarly, since the commutator [Tj,T n ] is a first-order 
operator, we can write the 7 = 1 case as 

T a = T n T^ + lower order tangential terms 

and the estimate again follows from ( l50i) . We prove the 7 > 2 case with an induction 
argument. Assume now that (1581) holds for 7 = 0, . . . , J — 1 with J > 2. Assume that 
I7I = J. Redefine /3 so that T a = T^T 2 . Note that T 13 contains at most (J — 1) occurrences 
of T n . Since u G Wf+ 2 (ft) and Lu = f in ft, we have T^Lw = T' 3 / a.e. in ft. We can write 

T 13 f = T p Lu 

= a nn T a u + terms involving T n at most J — 1 times and of order at most £ + 2. 
Since a nn > # > 0, by the induction hypothesis and ( 155]) . it follows that 

H^wlU^ynf^) < C % [\\f\\ w i,2(wnn E , V ;X) + \\u\\LZ(Wnn e ,<p))- 

where C 8 = C 8 (\\a jk \\ c t+i {n) , \\bj\\ c <>+i {n) , ||6^||cf+i(n) J ||&||c*+i(n), n, 9, \\p\\c^(n' e ))- 

Since the constant C% does not depend on the size of V, the estimate holds for all V and 
hence 

||«||w^+2,2(f} £)¥J ;X) < C 8 (11/11 w*> 2 (n e ,v;X) + IMIw^n^x))- 

□ 

8. Traces of L-harmonic functions 

In this section, we wish to show that L-harmonic functions (i.e., functions u so that 
Lu = 0) have unique boundary values in W /s ~ 1//2 ' 2 (bft, y?; T) when u G W s ' 2 (Cl, (p; X) and 
s > 0. 

We first establish a simple but easily applicable uniqueness condition by proving Lemma 

Proof Lemma \2. 1 6\ Since = and u G W^'^ft, (p; X), it follows that 

ReD(u,u) = Re(u, Lu)^ = 0. 

Since Re®(u,u) > c\\ Vxw||l 2 (q,i/?)> it follows that Vx« = 0. By Corollary 13. 51 HVu^m^) < 
II Vxm||l 2 (q,ip) = 0. Therefore, Vw = and u is constant (on each component of ft). Since 
u\m — 0, u = 0. □ 

8.1. The s > 2 case in Theorem EUS 

Lemma 8.1. Let Q G W 1 be a domain that satisfies (HI)-(HVI) with m > 3. Let L 
be a strongly elliptic operator that has a Dirichlet form D that satisfies ([7]) for all u G 
Wg 1,2 (ft, ip; X). Let 2 < k < m — 1 be an integer. Then there is a one-to-one correspondence 
between B k -^ 2 ' 2 ' 2 (M, (p; T) and W k > 2 (tt, <p; X) n ker L with norm equivalence. 

Proof. Assume that U G W k ' 2 (Q, <p; X) and LU = 0. Since U G jy fc - 2 (ft, y>; X), Theorem O 
implies that TrU G B* -1 / 2;2 ' 2 (M, <£>;T). Since L satisfies the hypotheses of Lemma I2.16[ £/ 
is the unique function in W k,2 (Q, ip; X) D ker L with boundary value Tr [/. 

Now assume that u G B k ~ 1 / 2;2 ' 2 (M, p; T). By Theorem 12 .14 there exists a function [/ G 
H /fc,2 (ft, </?; X) with boundary value u and 

ll^llw^O^^X) — C\\u\\ B k-i/2;2,2^ Mtlfi . T y 
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Since k > 2, LU E W k ~ 2 ' 2 {n, <p; X). By Theorem EJH there exists U E W^(n^;X) so 
that D(v,U ) = (v,LU),p for all v E Wq' 2 ^, <p; X). Since L satisfies ([7|), U is unique. By 
Theorem EEl U E W k ' 2 (VL, if; X). Moreover, the mapping 

L : W k ' 2 {Q, (f, X) n W£'\n, <p; X) -> W*- 2 - 2 (n, X) 

is a bijective linear mapping, so the Open Mapping Theorem (or, more directly, its corollary 
the Bounded Inverse Theorem) prove that its inverse is continuous, i.e., 

ll^o||vy fc ' 2 (n l¥ . ; x) < CWLUWwh^a^.x) < C\\U\\ W k,2(yi^- X ) < C\\u\\ B k-i/2;2,2^ Mjip . T y 

Let U = U - U Q . Then LU = and Tr U = Tr U = u and 

ll^llw fc . 2 (f^;X) < C\\u\\ B k-i/2;2,2( Mylfi . T y 

□ 

8.2. The case s = 1 in Theorem 12.181 We use the arguments in |Tay96| for the following. 

Theorem 8.2. Let L be a strongly elliptic operator and S be a first order operator with 
bounded coefficients. Set 

Au = Lu + Su. 

There exists a constant C > so that for all u E W Q ' 2 (Q, (f; X), 

IMIw' 1 ' 2 (fi,y;-X') — ^ll^llw- 1 - 2 ^,^) + ^IMIi 2 ^)- 
Proof. Observe that for any e > 

C ( 1 \ 

\{u,Su) 9 \ < C\\u\\ L 2 {nt!f) \\u\\ w i,2 {ntip . x) < -^\e\\u\\ 2 v i,2^ lp . X ) + -|Mlz,2 ( n i¥ ,)J- 



Re(u,Au) v > -\\u\\ 2 wl ,2 { ^. x) ~ C r \\u\\ 2 L2(Q)ip) for all u E W 1,2 (fi, tp; X), 



Therefore, 

6 

2 

so 

IMIiU 2 (n^;X) < CRe^^^ + C'Ikll^n^). 

Also, 

Ce C 

Re(u, Au)^ < C\\Au\\ w -i,2 { n m x)\\u\\w^(.n m x) < — \\u\\ww{n,<p;X) + ^\\ Au \\w-^(n, V ;xy 

Putting our inequalities together and choosing e > small enough so that we can absorb 
the Ce||w||^-i, 2 /Q term, we see that 

ll u llw' 1 > 2 (n,v;X) — Cll^llw-^Cfi^x) + C||M|| 2 2( ni</ ,). 

□ 

We next show that L : W ' 2 (Q, <p; X) — > W~ l,2 (Q, <p\ X) is continuous, injective and has a 
bounded inverse. 

We first assume that L gives rise to a strictly elliptic Dirichlet form over W ' 2 (fi, <p;X). 
Then 

Re{v,Lu) v = ReD(v,u) > C\\v\\ w i,2^ (p . X )\\u\\ w i,2^ lp . X y 
Consequently, L : W^{Q,(p\X) ->■ W' 1 ' 2 ^,^; X) and 

||-^w||vK-l. 2 (n,vj;X) > C|p||TVl. 2 (n,vj;X)- 
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Therefore, L : Wq' 2 (Q, tp; X) -»■ W' 1 ' 2 ^, p; X) has closed range. If L is not surjective, there 
exists a nonzero v* £ W -1,2 (Q, p; X) so that i>* _L Range(L). By the Riesz Representation 
Theorem, we can therefore choose v £ W ' 2 (fi, <£>;X) so that v*(v) ^ and w*(v) = for 
w* £ Range(L). In this case 

= (v, Lu)^ for all u £ W 1,2 (ft, p; X). 

Setting u = v forces v = (and hence v * = as well). Therefore, L is surjective. We also 
know that L is injective as a consequence of Lemma 12.161 Consequently, the inverse to L 
exists, call it G. Then G : W 1 ' 2 ^, X) -> W li2 (ft, X). As L 2 (fi,<^) M /_1,2 (f2, <£>;X) 
compactly, G : L 2 (fi,(^) — >• W ' 2 (fl, p; X) compactly. 
We now investigate the equation 

Au = f 

where / £ W^ 1 ' 2 ^, p; X), u £ W Q 1,2 (n, p\ X), and A = L + S as in Theorem El We 
continue to assume that L has a strictly elliptic Dirichlet form over W ' 2 (Q,p;X). If u £ 
Wq' 2 (Q, p; X), then there exists v £ W /_1 ' 2 (fi, p; X) so that 

it = Gv 

UAu = f, then 

/ = AGv — (L+ S)Gv = (/ + SG>. 

We know that SG : W" 1 ' 2 ^, X) L 2 (fi, and L 2 (fi, W^ 1 ' 2 ^, X) is compact. 

Therefore 7 + SG : W -1,2 (Q, X) — > W~ 1,2 (Q, p; X) is a compact perturbation of the 
identity. The Fredholm alternative implies that the map I + SG is therefore surjective if and 
only if it is injective. Lemma [2.161 supplies a condition that guarantees injectivity. 

Since the difference between a strongly elliptic operator and a strongly elliptic operator 
that gives rise to a strictly elliptic Dirichlet form is the addition of a multiple of the identity, 
the case of relevance is S = XI for some A £ R. If Lu = v ^ 0, then 

(L + XI)u = (L + XI)Gv = (I + XG)v ^ 

since I + AG is injective. We have therefore proved the following. 

Proposition 8.3. Let L be a strongly elliptic operator that has a Dirichlet form that satisfies 
(0). Then the map 

L : W£' 2 (tt, p; X) ->■ W'^iQ, p; X) 
is an isomorphism with norm equivalence. 

With regard to the the norm equivalence, it follows immediately that ||Lu||w-i,2(n )V; x) < 
IMIw 1 > 2 (n,p;.x> The reverse inequality follows from the Bounded Inverse Theorem. We are 
now in a position to improve Lemma 18.11 

Lemma 8.4. Let Q C M™ be a domain that satisfies (HI)-(HVI) for m = 2. Let L be 
a strongly elliptic operator that has a Dirichlet form D which satisfies |7|). There is a 
one-to-one correspondence between B 1 ^ 2 ' 2,2 (M, p;T) and V4 /1 ' 2 (f2, p; X) fl kerL with norm 
equivalence. 

Proof. We already know that Tr : W 1 ' 2 ^, p; X) ->■ B^ 2 ' 2,2 (M, p; T) is continuous. Now let 
/ £ J B 1 / 2;2 - 2 (M, <p; T). By Theorem [HJ there exists F £ W 1 ' 2 ^, p; X) so that Tr F = f and 

H-FIIWL^Q^X) < G||/|| jB l/2;2,2 (n ^. X) . 
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Solving Lu = in f2 and Tr u = f is equivalent to finding v G Wq' 2 (£1, cp; X) where Lv = —LF 
because we could then set u = F + v and it would follow from Proposition 18.31 that 



IMIw^cn^x) - ll-^llw 1 ' 2 ^,^) + IMIw 1 . 2 (fi, ¥ > ; x) < Cy\\f \\ B i/ 2:2,2 (n j(p -x) + \\Lv\\ w -i,2^ Q ^. x ^ 

< C\\f\\Bl/ 2 -- 2 , 2 (n,<p;X)- 

However, — LF G W ' 2 (Q, cp; X) so such a u exists by Proposition 18.31 □ 

Combining our results, we can prove Theorem 12.181 

Proof of Theorem\2jR Let / G W s ~ 2 ' 2 (n, <p; X) and g G W s ~ 1 / 2,2 (bn, cp;T). By Theorem 
EHUand Theorem 12351 there exists a unique u x G W^ft, X) n W 1,2 (n, -X") so that 
Lit! = /. If G : W s - 2 ' 2 (n,<p;X) -» W s > 2 (n,<p;X) n W 1,2 (fi, X) is the inverse to L, then 
G is continuous, i.e., there exists a constant C so that ||G/|| w s > 2 (bn,ip;T) < C\\f\\w s - 2 - 2 (n, V ;X)- 
Plugging in / = Lu u we see that \\ui\\ W s,2 {n ^. x) < \\f\\ w *-*(si, V ;X)- Als o, by LemmaESand 
Lemma [8.11 there exists a unique u 2 G W S ' 2 (Q, cp; X) so that Lu 2 = and Tr«2 = 9- Also, 
u 2 satisfies ||w2||iy s > 2 (n, w x) ^ ||#||w s -V2(bfi,<p;TV Thus, u = u\ + u 2 is the unique function in 
H/ s - 2 (fi,(^;X) so that' 

Lw = / in Q 
Tr m = g on bil 

and 

ll M llw s > 2 (f^;X) < C^||/||vK s - 2 (n,^;X) + llfl'llu' s - 1 /2(bn, V ;T) J 

for a constant C independent of u, f, and g. 

In the reverse direction, let u G W /S,2 (f2, X). There exists a unique U\ so that wi G 
W s ' 2 (n, cp; X) n W 1,2 (fl, cp; X),Lu = Lu u and 

ll M l||vy s > 2 (fi,</J;X) ^ ||-^' u i||h/ s - 2 . 2 (Q,ip;X) < ||m|| VK S . 2 (Q,</?;X) • 

If = u — U\, then u = ui + w 2 , Lm 2 = 0, and we have already established that 
ll^lliy^o^^x) ~ || Tru2||vK s - 1 /2(Q iV , ; x)- Thus, we have a unique decomposition u = U\ + u 2 
and 

IM|w<»> 2 (Q, W X) < ||Wl||v^^ 2 (n,^;X) + ||M2||iys. 2 (n,<p;X) ^ || || W- 2 . 2 (Q l¥ ?;X) + || Tr U 2 \\ W*- 1 / 2 (n,ip;X) 

^ IM|w s ' 2 (n,<p;X) + ||M2||Ty». 2 (n, V ;X) ^ ||w||w s ' 2 (n )¥ 3;X) 

where the last inequality uses the fact that u 2 = u — U\. □ 

8.3. Proof of Theorem 12. 191 In this subsection, we prove that functions / G L 2 (Q, cp) that 
are L-harmonic have traces in 5~ 1//2;2,2 (fi, cp; X). Our motivation for the trace definition is 
from [BC] . If we define the operator S by 



j,k=l 



then for v G W 2 ' 2 (n, cp; X) n W 1,2 (fi, tp; X) and V G H/ 2 - 2 (fi, ^; X) 

(L*v,ip) = / Tr SvTrip e~ v rfcr + 2) (t>, ?/>) = / Tr SvTi ip e^^ da + (v, Lip)^ 
9 Jbn Jbn ' 
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If Lip = 0, then 

(59) (L*v,ip) = [ Tr SvTFlp e"* da. 

V JbQ 

Since v G W 2 > 2 (n,<p; X), we have Sv G W 1 ' 2 ^, y>; X) and Tr Sv G 5 1 / 2;2,2 (bfi, T). 

We would like to show a partial converse to the argument, i.e., that if $ G _B 1//2;2 ' 2 (fi, </?; X), 
then ■& = Tr 5w for some v G W 1,2 (Q, <p; X) n W 2 ' 2 (fi, <^>; X). 

Our goal is to show that if / G L 2 (Q,ip) and L/ = 0, then there exists a well-defined 
g G 5~ 1/2;2 ' 2 (bfi, v?; T) so that Tr / = g. Equation (JS2D is the key. Motivated by TheoremFjLl 
we investigate operators L of the form in (jSJ). To define an element g G 5 _1 / 2;2,2 (bn, ip; T), 
it suffices to determine the action of g on elements ip G 5 1 / 2;2 ' 2 (bf2, ip; T). Let / G L 2 (Q, </?) 
satisfy L/ = 0, and let ip G -B 1 / 2;2,2 (bfi, <p; T). From Theorem 12.41 there exists a (nonunique) 
element v G W 2 ' 2 {Vt, ip; X) n W 1,2 (fi, X) so that 

— — = ip on bf2. 

Define Tr / by 

(60) (Tt/,V) /V 
Observe that 

|(L*V,/) V | < ||w|| H / 2 . 2 (n, V ;X)||/||L2(f7^) < IIV ; l| J Bi/2;2,2( b Q^ ;T )||/||L2(f7^)- 

That Tr / is well-defined follows from approximating / by functions in W 2,2 (Q, <p; X) and 
following the argument that leads to ( 1591) . In particular, if rjj — >• / in L 2 (f2,y?) and r^- G 
W 2 ' 2 (Q,<^;X), then L^- -> L/ = in W- 2 ' 2 (Q, ip; X). We need to show that Lrjj -> in 
L 2 (f2,V?) so we can achieve (|59|) . C£°(fi) is dense in L 2 (f2,<^), and if £ G C£°(f2), then 

= (%,L*C) V — ► (f,L*O v = (LfX)<p 
where the last equality follows from the pairing of / as a distribution against the test function 

c 

Thus Tr / is a well-defined element of B 1 l 2 '' 2,2 (hVL,ip;T). The use of the name trace is 
appropriate because if / G L 2 (Q, ip) n ker L and has enough regularity so that fl59l applies, 
then the two definitions of Tr / agree. Thus we have proven Theorem 12.191 

Appendix A. Background on interpolation - the real method 

A.l. The Bochner Integral. Our discussion of the real interpolation method closely fol- 
lows |AF03j . 

A. 2. L 9 -spaces. Let X be R or C. For 1 < q < oo, let L g (a,b; dfj,(t)) be the space of 
functions / : (a, b) — > X such that the norm 

||/;L»( a , M/ , W ,*)ll=|(/ H/WH^Wf 1£ « <0 ° 



esssup a<t<6 \\f(t)\\ x q = oo 



is finite. 

We focus on the special case where dji = dt/t. We denote L q (a, b; dfi) = L%. 
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Let Xo and Xi be two Banach spaces that are continuously imbedded on a Hausdorff 
topological vector space X and whose intersection is nontrivial. Such a pair of Banach 
spaces {Xq,X{\ is called an interpolation pair, and we now turn to the construction 
of Banach spaces X suitably intermediate between X and X\. It is often the case that 
X 1 X , e.g., X = LP(Q, <p) and X x = W m ' p (Q, <p; X). 

Let || • denote the norm in Xj, j = 0,1. The spaces X fl X\ and X + X\ = {u = 
Uq + U\ : u G Xq, Mi G X } are Banach spaces with norms 

IMUonXi = max {|l M olU , IKIUJ 

and 

||w||x +Xi = inf{||it |Uo + IMUi :u = u + u 1 , Uq G X , u x G Xi}, 

respectively. Note that X fl Xx e -> Xj e — >■ X + X x . We say that a Banach space X is 
intermediate between X and X\ if 

XqHXx ^X^X + X x . 

A. 3. The J and K norms. For a fixed t > 0, set 

J(t;n) = max{||M||x ^||«IU 1 } 

and 

X(t;n) = inf{||w |Uo + *||«i|Ui :u = u + u 1 , u G X , Mi G Xi}. 
Definition A.l (The X-method). If < 9 < 1 and 1 < q < oo, then we define 
(X , X 1 ) 0>q . K = {m6 X + Xi : r e X(t; u) G = L«(0, oo; dt/t)}. 

In fact, 

Theorem A. 2 (Theorem 7.10, [AF03j ). // and on/?/ i/ either 1 < g < oo and < 9 < 1 or 

q = oo and < # < 1, then the space (Xo,Xi)e ig; x is a nontrivial Banach space with norm 

\\u\\ 0tq;K = \\t- e K(t-u):Lt\\. 

Furthermore, 

H || , IMk<?;K ^ || || 

and there hold the embeddings 

x n x 1 ^ (X , x x ) 0a . k x + x^ 

and (X , Xi)q^k is an intermediate space between X and X^ 

Definition A. 3 (The J-method). If < 9 < 1 and 1 < q < oo, then we define 

f f 00 dt 

(Xo,X 1 ) e , 9;J =|nGX + X 1 :n = J f(t)j, f G ^(0, oo; dt/t, X + X x ) 

having values in X fl X x and such that t~ 6 J{t; /) G = L 9 (0, oo; dt/t) j. 

In fact, 
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Theorem A. 4 (Theorem 7.13 [SF03J). // either 1 < q < oo and < # < 1 or q = oo and 

< 9 < 1, then the space (Xq, Xi)g ;q .j is a Banach space with norm 

\\u\\ e , q .,j= inf \\t- e j(t;f(t)):Ll\\ 

fes{u) 

where 

r r°° dt-^ 

S(u) = {f e L 1 (0,oo;dt/t,X + X,) : u = J f(t) - }. 

Furthermore, 

\\u\\x +x 1 < \\t~ e mm{l,t}; \\\\u\\e, q ;j < \\u\\x Q nXi, 
where i + = 1. Consequently, there hold the embeddings 

x nx 1 ^ (x , Xi) fli , ;J ^x + x u 

and (Xq, Xx)g^.j is an intermediate space between X and X\. 

It is very useful to have a discrete version of the J method. 

Theorem A. 5 (Theorem 7.15, |AF03j ). An element u G X + X x belongs to (X , Xi)g >q .j 
if and only if u = Y^=-oo u j where the series converges in X + X x and the sequence 
{2- je J(2^;u j )} G £ q . In this case, 

oo 

inf ^\\2- j0 J(2 j ; Uj );£ q \\ : u = ^ Uj } 

j=-oo 

is a norm on (Xq, Xi)g^j equivalent to \\u\\e^j- 

If < 9 < 1, the J and K interpolations are equivalent. In fact, 
Theorem A.6 (Theorem 7.16, |AF03j ). IfO < 9 < 1 and 1 < q < oo, then 

(X , X^^.j = (X G ,Xi) e:q . K , 
the two spaces having equivalent norms. 
A. 4. An important class of intermediate spaces. 

Definition A. 7. Let {Xq,X{\ be an interpolation pair of Banach spaces. We say that 
X G S){9; X , Xi) if there exist constants C\, C 2 > so that for all u G X and t > 0, 

dK(t;u) < t e \\u\\ x < C 2 J(t;u) 

Lemma A. 8. Let < 9 < 1 and let X be an intermediate space between Xq and X%. Then 
X G Sj(9; X , X x ) if and only if (X , X 1 ) 0A . J M> X ^ (X , X x )e i00 . K . 

Corollary A.9 (Corollary 7.20, [AF03j ). IfO < 9 < 1 and 1 < q < oo, then 

(X , Xi)e i(?; j = (X , Xi)g tq -K G fj(#;X ,Xi). 

Moreover, X G f>(0; X , X x ) and X x G £(1; X , X x ). 

The importance of the class Sj(9; Xq, Xi) is made clear from the following theorem (which 
is part of Theorem 7.21, |AF03j ). 
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Theorem A. 10 (The Reiteration Theorem). Let < 9q < 9\ < 1 and let Xg and Xq 1 

be intermediate spaces between Xq and X\. For < A < 1, let 9 = (1 — \)9q + A#i. If 
Xg i G Sj(6i] Xo, X\) for i = 0, 1 and if either < A < 1 and 1 < q < oo or < A < 1 and 
q = oo, then 

(X ,Xi) e ^ q .j = (X 8o ,X ei )x,q;J = (X eo ,X dl )x,q;K = {Xq, Xi) e ^ q . K . 

A. 5. Interpolation Spaces. Let P = {Xq,Xi} and Q = {Yq,Yi} be two interpolation 
pairs of Banach spaces. Let T G B(X + X\,Y + Y\) satisfy T G B(Xi,Yi), i = 1,2, with 
norm at most Mj. That is, 

H^ilta < Mi\\ui\\ Xi 

for all Ui G X i7 i = 1,2. 

If X and y are intermediate spaces for {X ,Xi} and {Yoj^i}) respectively, then we call 
X and Y interpolation spaces of type 9 for P and Q, where < 9 < 1 if every such 
linear operator T maps X to F with norm M satisfying 

(61) M < CM]- e Ml 

where C is independent of T and C > 1. If we can take C = 1 in (1611) . then we say that the 
interpolation spaces X and Y are exact. 

Theorem A.ll (The Exact Interpolation Theorem, Theorem 7.23 |AF03j ). Let P = {X , X{\ 
and Q = {Y Q ,Yi} be two interpolation pairs. 

(i) // either < 9 < 1 and l<q<ooor0<9<l and q = oo, then the intermediate 
spaces (X , Xi)g tq -K and (Y , Yi)g tq -K are exact interpolation spaces of type 9 for P 
and Q; 

(ii) // either < 9 < 1 and l<q<ooor0<9<l and q = oo, then the intermediate 
spaces (X , Xi) e q .j and (Y , Yi) d q .j are exact interpolation spaces of type 9 for P and 

Q; 
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